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ABSTRACT

Material modeling techniques for active materials include a broad number of approaches that are often
focused on predicting a specific field-coupled constitutive relation. This field-coupled material behavior may
include electro-mechanical, magnetostrictive, thermal or light induced phase transformations, or ionic deforma-
tion. Limited work has been conducted on developing a unified theory. Such theories are useful for quantifying
underlying field-coupled mechanics concepts that may otherwise be neglected in phenomenological models. The
theoretical approach presented here employs nonlinear continuum mechanics coupled to a set of microscale order
parameters that describe microstructure evolution and phase changes. Unifying concepts are obtained which
illustrate how material constants such as piezoelectric coefficients depend on the choice of the order parameter
and mechanical energy function without introducing explicit phenomenological coupling parameters.
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1. INTRODUCTION

A considerable amount of modeling research has been conducted on active materials to understand the
field-coupled constitutive behavior. These materials are applicable to areas including information technology,
robotics, aerospace systems, automotive components, and biomedical devices. Models ranges from continuum,
micromechanics, phase field, atomistic, and ab initio have contributed to important relations governing this
class of materials. One notable example of an unified material model for ferroic materials is the homogenized
energy approach which has been applied to 1D loading and some limited multiaxial loading cases.1–3 Other
examples that describe electro-magneto-mechanics in a unified manner are described in,4–6 but these analyses
focus primarily on the balance laws with limited examples of specific thermodynamic energy functions and
comparisons with data.

Active materials cover a broad class of single crystals, ceramics, metals, and polymers which are classified
by a shape change in response to an external stimuli such as electric or magnetic fields, heat, light, or chemical
absorption. Conversely, many of these materials change their internal state in response to deformation which
provides sensing capabilities. Some of the most well-known compositions include ferroelectrc materials, mag-
netostrictive compounds, and shape memory alloys.7–9 Soft or glassy elastomer materials and nanocomposites
have also drawn attention recently.10–12

To address the growing challenge of understanding the vast array of active material responses, a nonlinear
continuum model and thermodynamic energy function are presented that couple different microscale internal
state order parameters with mechanics. This provides a methodology that is based solely on nonlinear geo-
metric effects coupled to microstructure evolution. Piezoelectric coefficients, for example, are obtained without
explicitly introducing these coefficients within the energy description. A similar approach has been considered
for quantifying “Maxwell” stresses in soft dielectric materials.13,14 In the dielectric elastomer example, imple-
mentation of an invariant form of the free energy in the reference description leads to stresses that are equivalent
to Maxwell’s stress if the dielectric energy is an ideal quadratic function of polarization. Another example is
a liquid crystal elastomer which is described by an internal director that defines the local orientation of the
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liquid crystal mesogens (i.e., liquid crystal forming molecule). These molecules are attached to the polymer
network which can produce unusual deformation.15 Unlike quadratic potentials that are used to define linear
dielectric behavior, the energy function that describes liquid crystal behavior is non-convex. This can give
anisotropic deformation and soft elastic responses as the liquid crystals rotate or evolve from a monodomain
into a polydomain state.16,17

This modeling approach is extended here to other smart materials with active microstructure. The approach
uses the deformation gradient to obtain field-coupled material behavior similar to the approach presented in14,16

for soft elastomer materials. Alternatively, the rotation tensor could be used to satisfy rotational invariance;
however, obtaining the Cauchy stress tensor is more challenging.13 In this analysis, non-convex energy functions
that describe the order parameter that is coupled to the deformation gradient are explored to provide a more
general modeling framework for a broad class of active materials. This provides a framework that describes
ferroic material behavior and anisotropic deformation as a function of the orientation of the order parameter,
but is also more general and can be implemented to quantify effects such as ionic diffusion in polymers, biolog-
ical materials, or chemically deforming materials. The model also reduces to the conventional Maxwell stress
governing dielectric materials if the order parameter energy function is a quadratic potential. Two numerical
examples are given to describe the unified properties of the model for different types of active materials. The
model is applied to ferroelectric ceramics such as lead zirconate titanate (PZT)18 and a liquid crystal elastomer
that deforms in the presence of water vapor.19

The outline of the paper is given as follows. In Section 2, the governing equations are given which include
balance laws in the reference description and general energy function relations in both the spatial and reference
frames. In Section 3, specific forms of the free energy are introduced and field-coupled stresses are quantified for
a vector and scalar order parameter which will be used to describe the crystal structure and phase evolution,
respectively. In Section 4, the model is implemented numerically and compared to data in the literature on
ferroelectric ceramics and humidity responsive liquid crystal elastomers. Concluding remarks are given in the
final section.

2. GOVERNING EQUATIONS

The model is developed by starting with a free energy description in the spatial configuration per current
volume

ψ = ψM (FiK) + ψA(ρ, ρ,i, φi, φi,j) (1)

where ψM is the mechanical energy and ψA is the “active” energy associated with a vector order parameter
φi = {Pi,Mi, ni} which may denote polarization (Pi), magnetization (Mi), or liquid crystal order (ni), for
example. The gradient on the order parameter (φi,j) is often included in meso to microscale energy descriptions
to predict the effect of twinned domain structures within a grain or single crystal material. The scalar order
parameter ρ and its gradient ρ,i denote the density and density gradient of the material; respectively. It should
be noted that this is not the most general choice for an active material energy function since the mechanical
and “active” energy components are assumed to be decoupled. This decoupled form is used to eliminate any
potential unnecessary intricacies within the modeling framework.

It is initially assumed that these materials can undergo finite deformation without fracture. The assumption
of large deformation is used to quantify the material coupling based on nonlinear geometric effects, but the
model is also applicable in the limit of infinitesimal strain. The introduction of finite deformation is found to be
useful in obtaining a set of unified coupling relations between the deformation and each order parameter given
in (1). Deformation induced by the order parameter in the limit of infinitesimal strain will also be assessed for
comparisons with well-known ferroelectric compositions such as lead-zirconate-titanate (PZT).18

The nonlinear continuum model uses the deformation gradient

FiK =
∂xi

∂XK

(2)



where xi is the spatial point and XK is the reference or material point.20

A number of mechanical energy functions can be introduced to quantify stress-strain constitutive behavior
such as an anisotropic elastic constitutive law, or in the case of elastomers, a hyperelastic energy function; see21

for examples. Here, coupling between a generalized mechanical energy function is used to illustrate unifying
trends in smart materials. Specific elastic and order parameter energy functions will be given in subsequent
sections to provide some quantitative estimates for different active materials.

Coupling between stretching bonds mechanically and the order parameters is illustrated by writing the
energy and field relations in the reference configuration. The vector order parameter and its gradient in the
reference and current configuration are related by

φi = J−1FiK φ̃K

φi,j = J−1FiKFjLφ̃K,L

(3)

where φ̃K and φ̃K,L are the order parameter and order parameter gradient in the reference configuration,
respectively. The Jacobian is defined by J = det(FiK). These relations can be obtained using the principle
of virtual work by introducing work conjugate variables for the order parameter and its gradient; see16 for an
example on liquid crystal elastomers.

A similar set of relations are obtained from virtual work principles for the density and its gradient. These
relations are

ρ = J−1ρ̃

ρ,i = J−1FiK ρ̃,K

(4)

where the density order parameter and its gradient in the reference configuration are denoted by ρ̃ and ρ̃,K ,
respectively.

These field relations are implemented to quantify the energy in the reference domain. The free energy is
defined to be equivalent in both the reference and spatial domain according to

Ψ =

∫

Ω

ψdV =

∫

Ω0

ψJdV0 =

∫

Ω0

ψ̃dV0 (5)

where dV is the current volume element over the domain Ω in the current configuration and dV0 is the reference
volume element over the domain Ω0 in the reference configuration. The relation dV = JdV0 = det(FiK)dV0 has
also been used. These relations provide the transformation

ψ̃ = Jψ. (6)

Based on the above relations, the free energy density of the order parameter in the reference domain is
governed by

ψ̃A = ψ̃A(FiK , ρ̃, ρ̃,K , φ̃K , φ̃K,L) (7)

per reference volume. This illustrates coupling between the deformation gradient and the order parameter
without introducing explicit coupling parameters.

Minimization of the total free energy ψ̃ = ψ̃M +ψ̃A per reference volume requires satisfying linear momentum
and microscale force balances on the order parameters φ̃K and ρ̃. These equations are



∂siK

∂XK

= 0

∂ξ̃JI

∂XJ

+ π̃I + γ̃I = 0

∂ξ̃I

∂XI

+ π̃ + γ̃ = 0

(8)

in the reference frame where the first equation is linear momentum, the second equation describes a microforce
balance on the order parameter φ̃I , and the last equation is an additional microforce balance on the density ρ̃;
see22 for a similar approach. The nominal stress is defined by siK and the body forces and inertial forces are
neglected. The microforce balance is governed by the micro-stress tensor ξ̃JI , an internal body force π̃I , and
an external body force γ̃I . An analogous set of work conjugate variables are defined for the phase where ξ̃I is a
interface tension, and π̃ and γ̃ are intrinsic and extrinsic chemical potentials; respectively.

The relation given by (8)3 is normally coupled to conservation of mass and a phenomenological diffusion
relation in terms of a chemical potential gradient.22 The coupling between conservation of mass and the
microforce chemical balance leads to the classic Cahn-Hilliard equation.23 Details of this derivation in the
reference configuration is not given here. Instead, material behavior at equilibrium is considered while excluding
density gradient penalties in the energy function. This results in ξ̃I = 0. The chemical potential will then be

defined by the relation µ̃ =
∂ψ̃

∂ρ̃
. This definition can then be related to the potential π̃.22 Note that this also

requires that the extrinsic potential γ̃ to be zero.

In addition to the work conjugate relation for the chemical potential, the thermodynamic relations for the
vector order parameter are defined. Here, the extrinsic microforce γ̃I is set to zero and the internal microforce is

π̃I = −η̃I−βIJ
˙̃
φJ where the second term is a rate dependent dissipative microforce. The conservative microforce

and microstress conjugate variables are

η̃I =
∂ψ̃

∂φ̃I

and ξ̃JI =
∂ψ̃

∂φ̃I,J

(9)

where the first term is the microforce and the second term is the microstress.

Coupling between the mechanical response of the material and the order parameter is illustrated using the
definition of the nominal stress.21 Recall that that free energy in the reference domain is defined by ψ̃ = ψ̃M +ψ̃A

which gives the nominal stress

siK =
∂ψ̃M

∂FiK

+
∂ψ̃A

∂FiK

(10)

where the first term is stress from mechanically stretching the bonds within the material and the second term
is internal stress induced by each order parameter and possibly higher order gradients. This illustrates how
an order parameter (e.g., polarization, magnetization, liquid crystal order, or phase) influences the constitutive

behavior of an active material. It demonstrates how the field-coupled stress, sA
iK =

∂ψ̃A

∂FiK

will influence the

deformation of the material. In addition, changes in the deformation will influence reorientation of the order
parameter. These effects are illustrated through numerical examples in the following section.



3. FREE ENERGY DESCRIPTION

First, a description of energy relations governing a vector order parameter are given followed by an energy
function that governs deformation from absorption of chemical constituents from the environment. The vector
order parameter is used to describe materials with active microstructure such as ferroelectric materials, mag-
netostrictive compounds, shape memory alloys, and liquid crystal elastomers. The energy function describing
absorption behavior constitutes a chemical free energy and will be used here to describe water vapor absorption
into a specific liquid crystal elastomer.19 The result is general and can be extended to other chemical absorption
coupling with deformation.

3.1 Vector Order Parameter

The thermodynamic energy function that is used to predict crystal structure evolution and coupling to
deformation is divided into two components. The first component describes crystal anisotropy. This function
is well-known for describing the easy axis of ferromagnetic materials but applicable to other materials include
ferroelectric compositions and shape memory alloys.8,24,25 This potential function gives low energy states along
certain crystallographic orientations. The second energy function is non-convex near the origin and is used to
describe the magnitude of the vector order parameter at equilibrium. This energy is often used to describe liquid
crystals since many of these materials have a rod shape at the molecular scale, but no long range interaction
(excluding smectic phases).15,26 The superposition of these two energy functions are often sufficient to describe
many ferroic materials.25

The first thermodynamic potential defines crystal anisotropy in terms of the order parameter

ψφ =
bijkl

4
φiφjφkφl (11)

where the phenomenological parameters bijkl are written as a fourth order tensor that defines crystal anisotropy.
This fourth order potential gives a set of crystal orientations with low energy states. This tensor can often
be reduced to a small number of material parameters using symmetry arguments. A numerical example for
tetragonal phase ferroelectric materials will be given using a scalar parameter for bijkl. See Figure 1(a) for a
plot of this function for tetragonal phase materials.

The potential defined by (11) constrains the order parameter along certain crystal crystallographic orien-
tations; however, it does not constrain the order parameter to a fixed magnitude. This requires an additional
energy function that penalizes large order parameter magnitudes

ψQ = cQii +
d

2
QijQij (12)

where two additional phenomenological parameters, c and d, have been introduced. The second order tensor
Qij is

Qij =
1

2
(3φiφj − δij) (13)

which defines a traceless tensor often used to model liquid crystals.26 This tensor includes deviatoric properties
of the order parameter φi by subtracting the hydrostatic component, i.e., Tr(φ · φ). Also note that this second
order tensor assumes the vector order parameter has been normalized at its equilibrium state. This energy
function is plotted in Figure 1(b).

The second order tensor is related to the work conjugate variable ηi using the relation

ηi =
∂ψ

∂Qkl

∂Qkl

∂φi

(14)
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Figure 1: Free energy plots for the unified model. (a) Anisotropy energy described by ψφ in (11). (b) Energy described
by ψQ in (12). (c) The total Landau energy ψ = ψφ + ψQ.

In addition, virtual work principles are used to relate the second order tensor Qij to the reference frame.
This is achieved using

Qij = J−1FiKFjLQ̃KL (15)

as described in Oates and Wang.16

It should be noted that the energy defined by ψQ provides no driving force towards a specific crystallographic
orientation, but constrains the order parameter to a finite value along any orientation. For ferroic materials
with long range order, the combined effect using, ψA = ψφ + ψQ, gives a set of energy minima along specific
crystallographic directions. The sum of these energy components for two dimensional problems is plotted in
Figure 1(c). The parameters used in this energy are given in Table 1. Small values are used for the parameters
in bijkl as motivated by fits to piezoelectric lead zirconate titanate. This is discussed in Section 4.1.

The energy function ψA has been defined in the spatial domain per current volume. A transformation to
the reference domain is introduced to numerically implement the model in the reference configuration. This
transformation is obtained by substitution of (3)1 and (6) into (11). This gives a free energy of the form

ψ̃φ =
b̃KLMN

4
φ̃K φ̃Lφ̃M φ̃N (16)

where the following parameter has been defined

b̃KLMN = J−3FiKFjLFpMFqNbijpq (17)

Similarly, substitution of (6) and (15) into (12)

ψQ = cKLQ̃KL +
dIJKL

2
Q̃IJQ̃KL (18)

where the following parameters have been defined

cKL = FiKFiLc

dIJKL = J−1FiKFjLFiMFjNd.
(19)

The nominal stress induced by the order parameter is obtained through the relation,



sA
iK =

∂ψ̃A

∂FiK

(20)

which gives

s
φ
rS = brjmtJ

−3FjLFmPFtQφ̃Sφ̃Lφ̃P φ̃Q . . .

−
3bijmt

4
J−3HrSFiKFjLFmPFtQφ̃K φ̃Lφ̃P φ̃Q

(21)

based on (16) and

s
Q
rS = 2cFrMQSM + 2dJ−1FjKFrMFjN Q̃KSQ̃MN · · ·

−
d

2
J−1HrSFiKFjLFiMFjN Q̃KLQ̃MN

(22)

based on (18) where the relation
∂J

∂FiK

= JHiK has been applied; see Holzapfel21 for details. The inverse

deformation gradient HiK has been introduced which is defined by HiKFjK = δij . The total order parameter

coupled nominal stress is defined by sA
rS = s

φ
rS + s

Q
rS .

The Cauchy stress induced by the order parameter is obtained from the nominal stress using the relation

σA
ij = J−1FjK

∂ψ̃A

∂FiK

. (23)

see20 for details.

A substitution of the energy function for ψA into (23) gives a more compact form of the field-coupled stress

σA
ij = bistqφsφtφqφj −

3

4
brstqφrφsφtφqδij + 2cQij + 2dQikQjk −

d

2
QmnQmnδij . (24)

This Cauchy stress illustrates the coupling due to nonlinear geometric effects associated with the order
parameter φi and higher order tensor Qij . It should be noted that this is not the only form of a non-convex
energy function that may be used to represent crystal anisotropy. The form used here was chosen to partially
decouple short range order in (ψQ) and crystal anisotropy effects in (ψφ). It has also neglected higher order
gradients which may be necessary to quantify twinned microstructures that contain interface energy. These
effects on stress can be obtained in a similar manner.

It should be noted that the stress in (24) will be balanced with mechanical forces induced by the mechanical
energy. In the case of zero traction boundary conditions, the total stress is zero. The total stress is defined
as the sum of the mechanically induced stress from stretching bonds within the material and the stress from
the order parameters. For this case, the spontaneous strain can be obtained as a function of the Landau
coefficients and elastic or hyperelastic material parameters. The modulus and Landau parameters provide an
inverse relationship for spontaneous strain, i.e., smaller spontaneous strain occurs as the modulus increases.

The Cauchy stress in (24) describes the converse field-coupled effect. The direct effect or sensing response
is described by the microforce and microstresses in the reference configuration. These work conjugate variables
are

η̃I =
∂ψ

∂φ̃I

ξ̃JI =
∂ψ

∂φ̃I,J

(25)



and by implementing the energy functions (16) and (18) with parameters in (17) and (19), obvious coupling
with deformation is obtained. As an example, consider a ferroelectric. The microforce η̃I would be related to
an electric field induced by the polarization, P̃I = φ̃I . Additional microstresses may occur along domain walls
where P̃I,J 6= 0.

3.2 Scalar Order Parameter

A chemical free energy per current volume is introduced using the relation

ψρ(ρ) =
g

2
(ρ− ρ0)

2 +
h

4
(ρ− ρ0)

4 (26)

where the nominal density of the material is ρ0. The phenomenological parameters include g and h which define
the magnitude of the chemical potential. The magnitudes of these parameters give a double well potential if
g < 0 and h > 0. This is often used to describe spinodal decomposition as discussed by Lupis.27 The model
will be later restricted to a quadratic potential (i.e., g > 0 and h = 0) to describe a linear driving force for
absorption of relative humidity within a liquid crystal elastomer. The generalized form of the stress induced by
changes in the density is given as follows.

Nonlinear coupling between the deformation gradient and the phase is introduced within this energy function
using the relation previously defined by (4)1. This requires that the free energy in the reference frame be coupled
to the deformation gradient via the Jacobian J as described by

ψ̃ρ =
g

2
J−1(ρ̃− ρ0)

2 +
h

4
J−3(ρ̃− ρ0)

4. (27)

The stress associated with the change in concentration is obtained from s
ρ
iK =

∂ψ̃ρ

∂FiK

which gives

s
ρ
iK = −

g

2
J−1HiK(ρ̃− ρ0)

2 −
3h

4
J−3HiK(ρ̃− ρ0)

4 (28)

and the Cauchy stress is obtained using the relations (4), (23), and (28)

σ
ρ
ij = −

(
g

2
(ρ− ρ0)

2 +
3h

4
(ρ− ρ0)

4

)
δij . (29)

This stress will be implemented in the following section to show bending deformation in a liquid crystal
elastomer that is exposed to water vapor on one side.

4. NUMERICAL IMPLEMENTATION

Two examples are given to describe how this model can be used to predict deformation as a function of
the evolution of the underlying microstructure or phase change. First an example is given for a ferroelectric
material and compared to data given by Jones et al.28 Second, deformation of a liquid crystal elastomer in the
presence of water vapor are modeled and compared to experiments given by Harris et al.19



4.1 Ferroelectric Material Model

A ferroelectric Landau thermodynamic potential is introduced in combination with an isotropic elastic
energy. Piezoelectric coupling is quantified as a function of the Landau and elasticity coefficients for different
polarization orientations. It is found that the result qualitatively matches anisotropic piezoelectric behavior as
a function of polarization orientation as described in Jones et al.28

Crystal anisotropy as a function of the polarization is obtained by combining the energy functions previously
given by (11) and (12) and illustrated in Figure 1. The vector order parameter is defined by Pi = φi in the

spatial frame and P̃I = φ̃I in the reference frame. Tetragonal phase ferroelectric materials are considered which
requires the following non-zero bijkl components: b1122 = b2211 = b1133 = b3311 = b2233 = b3322. The Landau
parameters, Young’s modulus, and Poisson ratio used in the model are given in Table 1. These parameters were
previously used in the energy plots given in Figure 1.

The polarization induced deformation at equilibrium under varying electric fields is determined by minimizing
the Landau energy ψ̃ at each field load step under zero stress conditions. These results were obtained by
formulating the model in the reference domain and minimizing the energy per reference volume (ψ̃A) at each
electric field load step using a gradient based approach. The stress was assumed to be zero everywhere in the
volume. The deformation gradient was included in the model to ensure accurate prediction of spontaneous
strain and coupling to changes in polarization under applied electric fields. Using the parameters in Table 1,
the spontaneous strain was εs

33 = 0.162%, εs
22 = εs

11 = −0.158% for a ferroelectric with polarization oriented in
the X3 direction. The spontaneous polarization for this case is P s

3 = 0.66 C/m2. Refined model predictions can
be achieved with higher order expansions on the Landau energy function.

The polarization order parameter is rotated in the X2 −X3 plane to quantify changes in the piezoelectric
response as a function of polarization orientation. It is found that this has a dramatic effect on the piezoelectric
response. The piezoelectric response for different crystal orientations is illustrated in Figure 2. The piezoelectric
coefficient d333 is found to be slightly negative when aligned with the field (θ = 90o). As the angle is reduced,
the coefficient d333 increases until it reaches a maximum near θ = 54o and then approaches zero as the angle
approaches zero. It should be noted that this is an idealized case of a single crystal. In poled ceramics or
polydomain single crystals, a negative d333 at θ = 90o is unlikely due to inhomogeneities in the orientation of
the polarization which more closely correlates with data in Jones et al.28

4.2 Diffusion Deforming Materials: Water Vapor Absorption Example

The example of deformation induced by water vapor absorption is motivated by recent experiments presented
by Harris et al.19 on a liquid crystal elastomer. These materials deform in the presence of water or pH differences
due to a change in the liquid crystalline structure as the chemical constituents are absorbed within the material
and disrupt molecular order. The liquid crystal elastomer structure initially consist of both covalent and
secondary bonds. Humidity-controlled motion occurs after the network is convert to a salt. This provides a
hygroscopic material which begins to swell under humid conditions as water infiltrates the material and interacts
with the liquid crystals that are attached to the elastomer network.

Table 1: Ferroelectric material parameters where b1122, c, and d are Landau parameters and E and ν are the Young’s
modulus and Poisson ratio, respectively.

b1122 2.25 × 10−4 N-m6

C4

c −1.875 × 10−4 N-m2

C2

d 1.200 × 10−4 N-m6

C4

E 80 GPa

ν 0.3
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Figure 2: Polar plot of the piezoelectric coefficient d333 as a function of the polarization orientation. The model is rotated
in the X2 −X3 plane. The maximum value is d333 = 420 pm/V at θ = 54o based on the parameters in Table 1.

Prediction of this deformation is obtained by implementing the stress coupling described in Section 3.2
into the linear momentum balance equation. Linear momentum is coupled to a diffusion equation to predict
deformation as water vapor absorbs into the material. A cantilever beam is used to describe the deformation
and is solved using the finite element method. A commercial package, Comsol, is used to solve the governing
equations. The two coupled governing equations are

∫

Ω0

∂wi

∂XK

siKdV0 =

∫

Γ0

siKN̂KwidS0

−

∫

Ω0

D
∂w

∂XK

∂µ̃

∂XK

dV0 +

∫

Γ0

Dµ̃,KN̂KwdS0 =

∫

Ω0

w
∂ρ̃

∂t
dV0

(30)

where the first equation is linear momentum and wi is the weight function. The nominal stress is defined by
siK = sM

iK + s
ρ
iK where sρ

iK was previously defined by (28) and sM
iK is a mechanical stress defined by a neo-

Hookean hyperelastic energy function.21 Body forces and inertial effects are neglected. The unit normal in the
reference frame is denoted by N̂K . The second equation describes the diffusion of water vapor into the elastomer
film where w is the weight function and D is the diffusion coefficient. Also recall that the chemical potential of

the water vapor that is absorbed into the solid is µ̃ =
∂ψ̃

∂ρ̃
.

A cantilever beam is modeled using the parameters defined in Table 2. The boundary conditions and
nonlinear finite element solution are illustrated in Figure 3. It is assumed that relative humidity creates a 1%
change of density on the surface. The nominal density of the elastomer was assumed to be ρ0 =1000 kg/m3.
This boundary condition creates diffusion into the material and bending away from the relative humidity source.
Bending occurs as the density increases on the top surface similar to experimental results given in Harris et al.19

The cantilever is 1 mm long and gives a displacement of 1 × 10−6 µm at the tip. Whereas this appears small,
the displacement scales with the length of the film as ∼ l3 to l4 based on beam theory. Therefore bending on
the order of millimeters occurs for films with length on the order of centimeters which is similar to experimental
results.



Table 2: Water vapor deforming material properties. The shear modulus and bulk modulus are denoted by µM and κ,
respectively.

g 2 × 109 N-mm4/kg2

h 0

D 1 × 10−5 kg-s/m3

µM 370 MPa

κ 1.1 GPa

co

Liquid crystal elastomer

Ambient humidity

(a) (b)

Figure 3: Schematic and finite element result of a water vapor controlled liquid crystal elastomer. The color field
represents the change in density (eρ− ρ0 in units of kg/m3) associated with the amount of water vapor absorbed on the
top surface.

5. CONCLUDING REMARKS

A nonlinear continuum model is developed by introducing microstructure and phase evolution within the
thermodynamic framework. Coupling between the order parameters and finite deformation is established using
virtual work principles to illustrate natural coupling between active material microstructure and deformation.
Further, deformation will create changes in the local order parameter which governs sensing behavior. An
interesting result presented here is prediction of anisotropic piezoelectric coupling in ferroelectric materials.
Prior models have assumed that the tetragonal lattice structure extends from fields aligned with the spontaneous
polarization. The model presented here predicts the opposite–slight contraction from fields applied in the
direction of polarization. As the field rotates relative to the polarization, positive increments in the field give
rise to positive deformation in the applied field direction. The results compare surprisingly well with recent
x-ray experiments on tetragonal phase PZT Jones et al.28

The modeling framework is also extended to materials that undergo phase evolution from chemical absorp-
tion. This illustrates the utility of the model to a relatively broad class of active materials. Current work is
focused on homogenization and twinned domain structure effects to obtain more quantitative predictions with
experiments on a range of active materials.
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