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ABSTRACT
A multi-axial homogenized energy model is developed to

account for nonlinear and hysteretic ferroelectric constitutive be-
havior induced by multi-axial electric field loading. The mod-
eling approach extends a one-dimensional multi-scale model-
ing framework developed for ferroic materials [1, 2]. A three-
dimensional energy function is introduced at the mesoscopic
length scale and subsequently approximated as piecewise poly-
nomial approximations to improve computational efficiency.
Multi-scale field relations are then developed by introducing a
distribution of effective electric fields and coercive fields that
govern the nucleation of localized domain switching in polycrys-
talline ferroelectric materials. The distribution of fieldrelations
is used to relate the localized domain switching processes to ob-
served macroscopic behavior by utilizing a stochastic homoge-
nization technique. It is demonstrated that a simplified stochas-
tic distribution of effective fields and coercive fields is sufficient
to predict multi-axial ferroelectric switching in ferroelectric ce-
ramics. Examples are given to validate the model in comparison
to multi-axial loading experiments given in the literature. The
model reduction provides a simple and efficient multi-scalemod-
eling approach that is important for developing reliable piezo-
electric actuator systems as well as implementation in model-
based control of two and three dimensional structures.

∗Address all correspondence to this author.

INTRODUCTION
Ferroelectric ceramics are used in a wide variety of appli-

cations such as sonar transducers, high speed micro-machining,
nanopositioning stages, piezoelectric fuel injection andmorph-
ing aircraft control surfaces. These materials are character-
ized by electro-mechanical coupling which provides significant
advantages in certain applications where large forces, fast re-
sponse times and small displacements are desired. For ex-
ample, in nanoscale positioning applications such as atomic
force microscopes (AFM) and scanning tunneling microscopes
(STM) piezoelectric actuators are used for precision position-
ing. Proportional-Integral-Derivative (PID) and robust control
laws have been successful in minimizing positioning errorsdue
to ferroelectric constitutive nonlinearities at low to moderate fre-
quencies and field levels, however feedback laws used to mitigate
hysteresis can limit performance at high frequency and highfield
levels since the control law must compensate for both nonlinear
and hysteretic material behavior as well as the dynamic behav-
ior. These issues have motivated the need for highly accurate and
efficient nonlinear and hysteretic constitutive models that can be
employed in actuator design development and model-based non-
linear control designs to improve performance characteristics.

A large number of phenomenological constitutive models
have been developed which have provided good predictions of
observed constitutive behavior under multi-axial loading. These
models have primarily been developed at either the macroscopic
or “micro” length-scale. One of the first three dimensional phe-
nomenological models was developed by Chen [3] who repre-

1 Copyright c© 2006 by ASME



sented the ferroelectric material behavior using a set of elec-
tric dipoles that included both transient and instantaneous do-
main switching. Later macroscopic models based on electroe-
lastic solids that contain electric hysteresis were introduced by
Bassiouny and Maugin [4] and Bassiouny et al. [5]. Their work
was based on continuum thermodynamics and the introduction
of a single internal state variable–remanent polarization, to pre-
dict ferroelectric hysteresis. More recently, Landis [6] has devel-
oped a fully-coupled phenomenological multi-axial constitutive
model using internal state variables and associated plastic flow
rules and hardening behavior. This model has been utilized in
a finite element model to provide insight on the fracture process
in ferroelectric ceramics. Elhadrouz et.al. [7] has developed a
similar approach that neglects hardening but analyzes ratede-
pendence and applications of the dissipative potentials. Kamlah
and Tsakmakis [8] have developed a phenomenological model
for use in finite element modeling. Their model uses multiple
criteria to ensure switching behavior and saturation are satis-
fied. Micromechanics based models have also been developed.
For example, Huber et al. [9] employed a self-consistent anal-
ysis which utilized an ellipsoidal piezoelectric inclusion. The
model was successful in predicting many of the observed phe-
nomenon in ferroelectric polycrystals such as butterfly hystere-
sis loops and Bauschinger effects from electrical and mechani-
cal loading. Similarly, Chen and Lynch [10] developed a micro-
electro-mechanical model, however the piezoelectric inclusion
problem was approximated with interaction energies between the
inclusion and surrounding matrix to improve computationaleffi-
ciency. The effect of both tetragonal and rhombohedral phase
ferroelectric ceramics was considered.

More recently, a multi-scale modeling approach has been
considered to efficiently relate the nucleation and growth of lo-
calized domain switching processes to observed macroscopic
material behavior using stochastic energy relations [1, 2]. This
approach has focused on developing simple and efficient mod-
eling techniques that reduce complexities associated withim-
plementing internal state variables, hardening behavior or self-
consistent micromechanical formulations. This techniquein-
volves the construction of appropriate Helmholtz and Gibbsen-
ergy relations at the lattice length-scale together with stochas-
tic distributions of effective fields to predict macroscopic mate-
rial behavior. In the one-dimensional model, both rate depen-
dence and thermal relaxation models have been considered and
shown to provide good predictions of uniaxial loading in ferro-
electric materials, ferromagnetic compounds, and shape memory
alloys; see [2] for details. Moreover, this modeling approach
yields physical parameters that can be fit to experimental results
which facilitates model implementation. The modeling approach
automatically includes reversible material behavior at low fields
through the derivation of the energy relation. This distinguishes
the model from Preisach techniques where it is difficult to incor-
porate known material physics or experimental results intothe

model [11,12].
The one-dimensional stochastic homogenization framework

has provided an efficient technique for incorporating material
physics at the lattice length scale into a reduced-order macro-
scopic model that can be used for materials development, ac-
tuator design and real-time control. For example, the one-
dimensional homogenized energy model has recently been im-
plemented in a finite element based hybrid nonlinear controlde-
sign to track a reference signal using a one-dimensional Terfenol-
D rod operating in the nonlinear and hysteretic regime [13] as
well as controlling plate structures with multiple Terfenol-D ac-
tuators [14]. However, the control of more complex structures
such as articulated mirrors, embedded blade morphing structures,
and nanopositioning piezoelectric tubes require multi-axial mod-
els that account for nonlinearities and hysteresis within athree
dimensional framework.

To address this issue, a three-dimensional homogenized en-
ergy model is considered for ferroelectric switching undermulti-
axial electric field loading. In Section 2, the governing energy
equations at the mesoscopic or domain length scale are first
given. In Section 3, interactions between neighboring domains
and grains are considered using a stochastic homogenization of
effective fields and coercive fields. In Section 4, the model is
implemented numerically and compared to experimental results
given in the literature [15,16].

2. Mesoscopic Thermodynamic Relations
Thermodynamic relations at the mesoscopic length scale are

given where the length scale is defined at the domain or lattice
scale. The model is limited to isothermal, rate-independent pro-
cesses that occur under quasi-static electrical loading and zero
stress.

The Helmholtz energy can be represented in terms of the
classic Landau-Devonsire energy function

ψ =
1
2

χi jPiPj +
1
4

ζi jklPiPjPkPl +
1
6

ζi jklmnPiPjPkPlPmPn + · · ·

(1)
where the material parameters (χi j, ζi jkl , ζi jklmn, · · · ) quantify the
shape of the energy landscape as a function of polarization (Pi).
Indicial notation is used wherei=1 to 3. When the material is
above the Curie temperature a single minimum exist at zero po-
larization. At temperatures below the Curie temperature, the ma-
terial parameters change to create an energy landscape withmul-
tiple energy wells which represent higher order phases. Various
forms of the Helmholtz energy have been proposed [17–22] to
account for second or first order phase transformations, material
anisotropy and differences in energy barriers for switching be-
tween different energy wells from external loading. For example,
in the tetragonal phase six minimum exist with equal magnitude
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of polarization which may undergo either 180o or 90o switch-
ing from electro-mechanical loading. In the present analysis, the
material coefficients are restricted to values that give tetragonal
crystal symmetry under isothermal conditions below the Curie
temperature. This set of coefficients will form the basis forap-
proximating the energy function using piecewise polynomials.

In the presence of an applied field, the Gibbs energy function
is

G = ψ(Pi)−EiPi (2)

and thus the global minimum for each domain structure is gov-
erned by the free energy and the direction of the fieldEi wherei
is again summed 1 to 3.

Whereas the Landau-Devonshire phenomenological energy
functional has been useful in analyzing ferroelectric crystal struc-
tures, obtaining material parameters at the lattice or single do-
main length scale poses several experimental and computational
challenges. The energy function is highly sensitive to param-
eter values which can lead to unstable, non-physical behavior.
Moreover, higher order polynomials can reduce computational
efficiency and impede model implementation in finite element
or finite difference approximations as well as real-time control
applications. Therefore, piecewise quadratic approximations are
introduced to represent the energy function. The approximate
piecewise energy relation is

ψi(Pi) =















1
2χeε0

(Pi +Ps)2 ,Pi ≤ PI

1
2χeε0

(PI −Ps)
(

P2
i

PI −Ps
)

, |Pi| < PI

1
2χeε0

(Pi −Ps)2 ,Pi ≥ PI

(3)

wherePs is the magnitude of local spontaneous polarization,χe

is the electric susceptibility,ε0 is the vacuum of free space, and
PI is the positive inflection value. This gives rise to double-well
potentials in three orthogonal directions.

The approximate Helmholtz energy is then defined by

ψ(Pi) =
3

∑
i=1

ψi(Pi). (4)

The resulting Gibbs energy is

G = ψ(Pi)−EiPi (5)

which quantifies changes in the energy landscape under applied
electric fields. Through minimization of (5),

∂G
∂Pi

= 0 (6)

the local field relations are obtained which determine the finite
polarization in each “non-interacting” domain or lattice struc-
ture. This leads to an isotropic dielectric constitutive law at the
mesoscopic length scale

Pi = χeε0Ei +δi(Ei,E
c
i )P

s (7)

where Ps is the magnitude of spontaneous polarization and
δi(Ei,Ec

i ) defines the orientation. The functionδi(Ei,Ec
i ) is re-

stricted to values between -1 and 1 and the additional relation,
√

δ2
1 +δ2

2 +δ2
3 = 1. In the following section, the total work ap-

plied to each local domain structure is quantified and compared
to a local energy barrier to determine polarization switching that
governs the evolution ofδi(Ei,Ec

i ).

2.1 Local Switching Law
A switching law is developed to quantify the critical energy

level required to switch local domain structures. In addition, the
electric field is taken as the thermodynamic driving force used
to determine the direction of switching. First, the total work re-
quired to switch a local domain is quantified. Second, in material
regions that become active for switching, the electric fieldis em-
ployed to determine the direction of domain switching.

The amount of work required to switch the spontaneous po-
larization is defined using the total work rate

Φ̇ = EiṖi (8)

whereΦ̇ = dΦ/dt and similarlyṖi = dPi/dt.
Through substitution of (7) into (8) the work rate is given by

Φ̇ = χeε0EiĖi + δ̇i(Ei,E
c
i )P

s (9)

Prior to switching, each domain is assumed to behave lin-
early; therefore the spontaneous polarization is assumed to be
constant which requireṡδi(Ei,Ec

i ) = 0. The total work required
to switch a local domain structure is then
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Φ(Ei) =
Z

χeε0EidEi =
1
2

χe(Ei)
2. (10)

Material regions that become active for polarization switch-
ing are determined by comparing the total work applied to a co-
ercive energy barrier,Ψ(Ec

i ) where the coercive field may be a
function of crystal orientation. In the case of a ferroelectric ce-
ramic under electric field loading, the coercive barrier is defined
by Ψ(Ec

i ) = 1
2χeε0(Ec

i )
2, with the coercive field equivalent in

each direction (Ec
1 = Ec

2 = Ec
3). This reduces the coercive field

to a scalar coefficient, but the indicial notation is used to avoid
additional changes in notation. Switching is defined to occur in
domain structures whereΦ(Ei) ≥ Ψ(Ec

i ). Thus, when the to-
tal work is greater than the coercive energy barrier, the function
δi(Ei,Ec

i ) is updated to reduce the Gibbs energy.
For the case of bulk ceramics considered here, it is assumed

that domains can nucleate and grow into the direction of applied
field. Thus, once the total work exceeds the energy barrier, the
local variantsδi rotate to align with the applied field according
to

δsw
i =

Ei
√

E jE j
. (11)

Therefore the local variants are the unit normals in the direction
of field. The variantsδi(Ei,Ec

i ) = δsw
i whenΦ(Ei) ≥ Ψ(Ec

i ) and
otherwise,δi(Ei,Ec

i ) remains constant under changes in the ex-
ternal field.

The local switching behavior given here describes switch-
ing at the domain length scale, however, various inhomogeneities
are known to contribute significantly to the switching behavior.
Therefore, in the following section inhomogeneities are intro-
duced using stochastic distributions of interaction and coercive
fields to predict the macroscopic switching behavior.

3. Multi-scale Field Relations
In Section 2, the energy function was formulated at the

mesoscopic length scale which neglects interactions from sur-
rounding medium and inhomogeneities. Material inhomo-
geneities such as twinned domain walls, intergranular residual
stress, and dopants can strongly influence the switching behavior.
Therefore, following previous developments of stochasticdis-
tributions for material inhomogeneities for the one dimensional
case [2], a stochastic representation of field distributions and as-
sociated energy relations in three dimensions is developedhere.

3.1 Density Distributions
A density distribution is proposed to represent various mate-

rial inhomogeneities found in ferroelectric ceramics. Thedistri-
bution is assumed to be a function of variations in the local field
and the coercive field. The local effective field is assumed tobe
a function of the applied fieldEi and a stochastic distribution of
the interaction fieldEI

i governed by

Ee
i = Ei +EI

i . (12)

This approach is similar to a previous one dimensional
model [1, 2], but the extension of the density distributionsof in-
teraction fieldsEI

i and coercive fieldsEc
i to three dimensions re-

quires a careful assessment of how the interactions fields and co-
ercive fields should be constructed to include each possiblefield
combination defined by the density distribution. In general, local
variations in the interaction field and coercive fields are highly
coupled. For example, local residual stress may change the local
field as well as the coercive field necessary to reorient a domain.
In general, the distribution of interaction and coercive fields is
represented by

ν = ν(EI
i ,E

c
i ) (13)

where i is again summed from 1 to 3. This form of the den-
sity results in a large number of potential combinations of inter-
action fields and coercive fields and furthermore presents chal-
lenges in quantifying the density experimentally or computation-
ally. For example, consider numerical implementation of a one-
dimensional model where a finite number,N, of interaction fields
are discretized over a predefined distribution. Similarly,a finite
number,M, of coercive fields are implemented to represent the
distribution of coercive fields. This results inN ×M combina-
tions of interaction and coercive fields governing the switching
behavior. In three dimensions, the number of combinations in-
creases to a minimum ofN3 × M3 which raises questions on
efficient numerical implementation. Furthermore, only uniax-
ial polarization-field data is typically available which precludes
parameter optimization of the full density representation. Thus
in the present analysis, a simplifieddecoupled distribution of lo-
cal interaction fields and coercive fields is implemented andfit to
uniaxial experimental results to assess model predictionsunder
multi-axial loading.

The interaction fields are assumed to be normal distributions
equivalent in all directions. Similarly, the coercive fielddistribu-
tion is assumed to be log-normal and equivalent in all directions.
This reduces the functional form of the densities to the one di-
mensional model
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νi(E
I
i ,E

c
i ) = cEe−[(EI

i )
2/2b2]e−[(ln(Ec

i /Ec
)/2c)2] (14)

where the field distributions are decoupled in each direction (no
summation oni). The variablecE ensures integration to unity,
b defines the variance on the normal interaction distribution, c
defines the variance on the coercive field distribution andE

c
is

the average coercive field.
The stochastic distributions of the interaction and coercive

fields are implemented in the total work relationΦ(Ee
i ) and en-

ergy barrierΨ(Ec
i ) discussed in Section 2.1 to quantify domain

switching when material inhomogeneities are present.
Next the mesoscopic constitutive law and density distribu-

tion are employed using a homogenization technique to deter-
mine macroscopic constitutive behavior.

3.2 Macroscopic Constitutive Relations
The macroscopic polarization is determined by relating the

local constitutive law (7) to the density distribution given by (14).
The macroscopic polarization is computed by decomposing the
macroscopic linear dielectric behavior and the macroscopic re-
manent polarization

Pi = χe
i jε0Ee

j +Pr
i (15)

wherePr
i is the macroscopic remanent polarization andχe

i j is the
macroscopic electric susceptibility. Stochastic homogenization
is implemented to determine the remanent polarization and the
electric susceptibility to be manifestations of the underlying dis-
tributions given by (14) and the local constitutive behavior in (7).
At the macroscopic length scale, evolution of anisotropy inthe
electric susceptibility is included in the model using the stochas-
tic homogenization technique.

The remanent polarization is governed by the stochastic ho-
mogenization relation where only the nonlinear component of (7)
is included

Pr
i (Ei) =

Z ∞

−∞

Z ∞

0
νi(E

I
i ,E

c
i )δi(E

e
i ,E

c
i ,ξi)P

sdEI
i dEc

i (16)

whereξi is the initial set of local polarization variants. The value
of δi(Ee

i ,E
c
i ,ξi) includes switching in three dimensions and may

range in value between -1 and 1. This function is now gov-
erned by the stochastic distribution of effective fields andcoer-
cive fields. Additionally, the direction of switching is determined
by substituting the effective fields for the applied fields in(11).

The anisotropy in the electric susceptibility tensor is retained
at the macroscopic length scale by employing the stochasticho-
mogenization technique. In (3), anisotropy in the electricsuscep-
tibility is neglected when approximating the mesoscopic energy
function, however for tetragonal crystal structures the electric
susceptibility is different in the direction of spontaneous polar-
ization. Therefore, anisotropy in the electric susceptibility tensor
is retained through the homogenization technique and defined as
a superposition of the isotropic electric susceptibilityχe and an
anisotropic component∆χe

i j

χe
i j = χe +∆χe

i j. (17)

The anisotropic component is determined by defining

δi =
Z ∞

−∞

Z ∞

0
νi(E

I
i ,E

c
i )δi(E

e
i ,E

c
i ,ξi)dEI

i dEc
i (18)

and

∆χe
i j(Ei) =

[

∆χ⊥(1−|δi|)+∆χ|||δi|
]

δi j (19)

whereδi j is the Kronecker delta. The effect of anisotropy or-
thogonal to the spontaneous polarization direction is given by
∆χe

⊥ whereas∆χe
|| represents the anisotropic contribution in the

direction of spontaneous polarization.
This provides a modeling framework for predicting macro-

scopic ferroelectric switching behavior based on approximate
mesoscopic energy relations which leads to efficient numerical
implementation. Details describing the numerical implementa-
tion technique are given in the following section.

4. Numerical Implementation
As detailed in [2], the implementation of (16) and (18) re-

quires approximation of the integrals. This can be done by imple-
menting Gauss quadrature routines over infinite or semi-infinite
domains. The model can be discretized in the following form

Pr
i (Ei) =

NK

∑
K=1

NL

∑
L=1

νi(E
I
i(K),E

c
i(L))δi(E

e
i(K),E

c
i(L),ξi(L))P

srKwL

(20)
whereEe

i(K) and Ec
i(L) denote the abscissas associated with the

quadrature formula andrK and wL are the respective weights.
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The evolution of anisotropy governed by (18) has a similar rep-
resentation. The numerical analysis given here utilizes a four
point quadrature rule.

The discretization of the interaction and coercive fields also
requires a finite set of variantsδi(Ee

i(K),E
c
i(L)). The set of variants

for each direction (i = 1 to 3) is written in matrix form as[δi]KL =
∆i with dimensionNK ×NL for i = 1 to 3. During load increments
the total work applied to the material is compared to the coercive
energy barrier to identify regions active for switching. Switching
of each variant is updated using the following matrix relations

ϒ =

{

1 ,Φ(Ee
i ) ≥ Ψ(Ec

i )

0 , otherwise
(21)

ϒ =

{

1 ,Φ(Ee
i ) < Ψ(Ec

i )

0 , otherwise
(22)

whereϒ andϒ have dimensionNK ×NL. This is used to define
regions activeϒ = 1,ϒ = 0 or inactiveϒ = 1,ϒ = 0 for switch-
ing. The matrix of variants is updated during each load increment
according to

∆i = ∆prev
i ϒ+∆sw

i ϒ (23)

where∆prev
i are the values of polarization variants on the previous

load step and[δsw
i ]KL = ∆sw

i are the updated values in regions
active for switching. Again, the relation

√

3

∑
i=1

[δi]
2
KL = 1 (24)

holds for each matrix component(K,L) so that the magnitude
of spontaneous polarization is constant. This restricts the lo-
cal spontaneous polarization to rotate to align with the applied
field according to (11) but the magnitude is constant on the local
length scale. Furthermore, the maximum macroscopic polariza-
tion is restricted by an upper bound (Ps) through application of
the appropriate density distribution.

4.1 Simulation Results
To illustrate model predictions, ceramic material behavior is

considered and compared to data on PLZT and PZT-5H given in

Table 1. Parameters used in the simulations.

PLZT (Figure 1) PZT-5H (Figure 2)
Ps = 0.25C/m2 Ps = 0.3C/m2

E
c
= 0.35MV/m E

c
= 0.8 MV/m

b = 1×10−2 MV/m b = 7×10−2 MV/m
c = 0.125 c = 0.125
cE = 250m2/V 2 cE = 13m2/V 2

κ = 4000ε0 κ = 4000ε0

the literature. In these simulations the stress is zero and elec-
tric displacement is computed usingDi = κimEm + Pr

i where
κim = (1+χe

i j)ε0 is the dielectric permittivity. Since data is lim-
ited on the anisotropic dielectric permittivity for the present case,
an isotropic permittivity value ofκ = 4000ε0 is used in the sim-
ulations.

First the model is validated on bipolar field experiments con-
ducted on PLZT [15]. The material parameters used to fit to ex-
perimental results are given in Table 1. A reasonable estimation
of electric displacement is predicted by the model under uniaxial
electric field loading.

Next the model is compared to multi-axial electric field load-
ing experiments [16]. In these experiments, ferroelectricceramic
PZT-5H specimens were poled and then cut at an angle such that
the remanent polarization was at an angle relative to the elec-
troded surfaces. The angle ranged from 180o (anti-parallel to the
applied field) to 45o relative to the applied field. In these sim-
ulations, the homogenized energy model was fit to the uniaxial
data set where the applied field was anti-parallel to the poling di-
rection. These parameters were held fixed and predictions onthe
electric displacement are made for fields at other angles. Rea-
sonable predictions are made, however a certain level of overes-
timation is predicted at intermediate angles of 135o and 90o.

5. Discussion
The homogenized free energy model has provided a reason-

able modeling approach to predict ferroelectric switchingunder
multi-axial electric field loading in ferroelectric ceramics. By
implementing certain approximations at the mesoscopic length
scale, simple constitutive laws are constructed at the local length
scale to predict polarization switching behavior. The introduc-
tion of density distributions of effective fields and coercive fields
provides an efficient method for introducing various material in-
homogeneities within the total work appliedΦ(Ee

i ) to the mate-
rial and the coercive energy barrierΨ(Ec

i ). By adopting a sim-
plified density distribution for each orthogonal direction, multi-
axial polarization-field behavior is reasonably predictedusing a
total of six material parameters. Additionally, the stochastic ho-
mogenization framework provides a method to incorporate evo-
lution of material anisotropy at the macroscopic length scale.
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Figure 1. Comarison of the homogenized free energy model to bipolar

field experiments on PLZT [15]. The field is applied in the x3 and the elec-

tric displacement is given in the loading direction. The electric displace-

ment in an orthogonal direction is also shown to illustrate consistency with

the variant reorientation under bipolar fields.

The present model has focused on multi-axial loading from
electric fields. Ferroelectrics are strongly coupled to mechan-
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Figure 2. Comparison of the homogenized energy model to multi-axial

electric field loading experiments [16]. The field is applied in the x3 direc-

tion and the initial remanent polarization direction is at an angle φ relative

to the applied field where 180o is anti-parallel to the applied field.

ical loading where domain reorientation from large stress can
lead to nonlinear, hysteretic behavior. Material mechanisms as-
sociated with mechanical energy must be incorporated into the
mesoscopic energy relations, local switching model and density
distributions to achieve improved model predictions in actuator
systems and control designs. This work is currently under devel-
opment.

6. Concluding Remarks
A three dimensional homogenized energy model is devel-

oped to account for ferroelectric switching under electrical load-
ing. This extends previous developments of one dimensional
modeling by utilizing certain approximations to ensure reason-
able computational efficiency is achieve while retaining accept-
able accuracy. Preliminary comparisons of thethree dimensional
homogenized energy model to a sixth order free energytwo di-
mensional model based on (1) have shown three orders of mag-
nitude increase in computational speed. This was validatedusing
MATLAB’s unconstrained optimization routine on the sixth or-
der free energy function using 40 Gauss points. This aspect of
the model is critical for implementation in real-time control of
two and three dimensional structures. Additionally, whilethis
work has focused on ferroelectric materials, the unified model-
ing framework as pointed out in [1] can potentially be extended
to ferromagnetic materials and shape memory alloys.
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