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angular momentum. The method is based on exchanging a conserved quantity be-

tween arbitrary computational points. This suggests that extensions to more general

flows may be possible. For the incompressible flows studied, circulation is exchanged

between vortices to simulate diffusion. The amounts of circulation exchanged must

satisfy a linear system of equations. Based on stability considerations, the exchanged

amounts should further be positive. A procedure to find a solution to this problem

is formulated using linear programming techniques. To test the method, first some
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translated cylinders are computed. The method is also extended to handle diffusion

in three-dimensional incompressible flows; to test this, the Stokes flows of a pair of
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ABSTRACT

A new method is proposed for simulating diffusion in vortex methods for incom-

pressible flows. The method resolves length scales up to the spacing of the vortices.

The grid-free nature of vortex methods is fully retained and the distribution of the

vortices can be irregular. It is shown for the Stokes equations that in principle, the

method can have any order of accuracy. It also conserves circulation, linear and

angular momentum. The method is based on exchanging a conserved quantity be-

tween arbitrary computational points. This suggests that extensions to more general

flows may be possible. For the incompressible flows studied, circulation is exchanged

between vortices to simulate diffusion. The amounts of circulation exchanged must

satisfy a linear system of equations. Based on stability considerations, the exchanged

amounts should further be positive. A procedure to find a solution to this problem

is formulated using linear programming techniques. To test the method, first some

two-dimensional flows due to the decay of point vortices in free space are computed;

specifically, the decay of a single point vortex and that of a counter-rotating pair of

point vortices are computed. Next, the method is extended to handle the no-slip

boundary condition on solid walls for two-dimensional flows. To test the numeri-

cal handling of the no-slip boundary condition, flows over impulsively rotated and

translated cylinders are computed. The method is also extended to handle diffusion

in three-dimensional incompressible flows; to test this, the Stokes flows of a pair of

vortex poles and of a vortex ring are computed. Finally, the advantages and current

limitations of our method are discussed.

xx



CHAPTER 1

INTRODUCTION

A number of engineering problems involve flows of gases or liquids over solid

bodies. For example: air flows over cars and aeroplanes; wind blowing over bridges

and buildings; sea waves slashing against the supporting columns of an off-shore

oil rig and many more. Often these flows do not follow the contour of the solid

surface completely, but separate from it, creating a wake such as behind a ship.

Such separated flows are difficult to handle by conventional numerical schemes. The

objective of this work is to develop a numerical procedure to solve such flows. It

is based on determination of the vorticity, defined as the curl of the flow velocity.

According to Stokes [225] vorticity is the twice the local angular velocity of the fluid

if it moves as a solid body.

The main reason to base the numerical method on the vorticity is that, typically,

only a small portion of the flow contains vorticity. This can lead to significant savings

in storage and computational effort. Our numerical method will compute the evo-

lution of vorticity using a Lagrangian approach, in which the computational points

follow the motion of the fluid. Such a method is commonly called a vortex method,

and the computational points are the vortices.

Vortex methods can offer significant advantages for the computation of separated

flows:

• We need to describe only the small portion of the flow region where vorticity

occurs. Typical conventional methods must resolve the whole flow.

• In our implementation no grid is required. This makes it easier to handle flows

around complicated geometries.

1
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• If the vorticity separates from the solid surfaces, the vortices follow that motion,

so that numerical resolution is maintained.

• In a conventional computation, the motion of the vorticity must be found by

numerical approximation on a fixed grid, which can induce significant numerical

dissipation. A vortex method avoids this since the vortices follow the motion

of the fluid.

• In the computation of the velocity field from the vorticity, mass conservation can

be satisfied exactly; see, for example, Van Dommelen & Rundensteiner [233].

Gresho [98, 101] has shown that mass conservation can be a cause of difficulty

in other computations.

• In external flows, most methods need to restrict the computational domain

artificially to a finite size. But as long as the vorticity remains limited to a

finite region, vortex methods need not.

These advantages are most often critical for high Reynolds number flows, which

are commonly separated. An important concern at high Reynolds numbers is that

the numerical dissipation should not overwhelm the natural viscous diffusion process

and destroy the small scale features. Such requirements make vortex methods a

natural choice. Yet, the implementation of vortex methods is not simple. The two

main physical processes that must be represented numerically are convection of the

vorticity by the velocity field and diffusion due to viscosity. Each has its difficulties.

For convection of the vortices, the velocity field can in principle be found from

the Biot-Savart law [14]. Such a velocity field implicitly satisfies mass conservation.

However, the computational effort required to evaluate it directly is high; it is propor-

tional to the square of the number of vortices. Fast algorithms have been developed

to do it with much less effort. Van Dommelen & Rundensteiner [233, 240] developed
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the first ‘solution adaptive’ fast method that could efficiently handle the sparse and

complex vorticity distributions of high Reynolds number separated flows. An earlier

non-adaptive routine was given by Greengard & Rokhlin [97]. Even faster algorithms

are available now [2, 5, 10, 36, 74].

However, representing diffusion is a more difficult problem; one of the main diffi-

culties is the chaotic distribution of the vortices. It is this difficulty that is the main

topic of this thesis. In this thesis, we have developed an accurate mesh-free procedure

to overcome that difficulty. We next discuss the importance the mesh-free property

in Lagrangian methods.

1.1 The need for mesh-free Lagrangian methods

One of the major difficulty in mesh-based computations of high Reynolds number

separated flows around complex geometries like multi-element airfoils or even more

complex geometries like fighter aircrafts, is to generate an effective mesh to solve

the governing flow equations. The common strategy of generating a mesh with fine

resolution near solid walls may not be adequate in high Reynolds number separated

flows. The reason is that the steep flow gradients, such as in boundary layers, do not

always occur only normal to a solid wall. For example, to compute the flow around

an impulsively started cylinder, the mesh does not only need to be refined normal

to the cylinder wall. When separation occurs, sharp gradients also develop in the

direction along the wall. Van Dommelen & Shen [241] showed that in fact very fine

resolution is required in the direction along the wall to resolve the rapid evolution

of the vorticity layers in that direction. More often the steep flow gradients also

occur due to separated vorticity fields, like the forebody vortices from an aircraft, for

example. It is very difficult to predict a priori the evolution of the separated vorticity

fields.
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An accurate representation of the separated vorticity fields is crucial to determine

the aerodynamic forces on bodies accurately, yet it is very difficult to accurately

resolve the separated vorticity fields using a mesh. At high Reynolds numbers, the

numerical diffusion due to insufficient resolution could overwhelm the actual diffusion,

and hence the separated vorticity fields will be diffused erroneously; this will result

in large errors in the computed aerodynamic forces on vehicles such as fighter planes

and cars. It can cause difficulties for computing airplane control forces when the

inaccurate separated vorticity from the main wing interacts with the tail surfaces.

On the other hand, since the vortex methods are based on following the vorticity,

they provide excellent adaptive resolution of the separated vorticity fields.

In vortex methods, the convection of vortices can be achieved using mesh-free

algorithms, as mentioned earlier. However, the diffusion of vortices must also be

handled in a mesh-free manner to avoid the difficulties of mesh-based computations,

and this is a more difficult problem. One of the main difficulties is the chaotic

distribution of the vortices. High Reynolds number flows are characterized by a

strong mixing of the vortices, and a regular vortex distribution is almost impossible

to maintain.

Some previous attempts to deal with this difficulty have been based on interpo-

lating to a mesh for at least some of the computation (section 1.2). However, this

loses a significant part of the advantage that a Lagrangian computation attempts to

achieve over conventional computation: it is very hard to produce efficient meshes for

complex geometries, especially for separated flows where they need to resolve sharp

gradients that are not aligned with the boundaries. Further, using a mesh introduces

interpolation errors between the mesh and the vortices, and the resulting wide variety

of errors tends to make the final accuracy uncertain.

Alternate approaches to deal with the irregular vortex locations restore order

periodically, by periodically selecting a new set of vortices with strengths found by
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interpolation from the previous set (subsections 1.3.3 and 1.3.4). One difficulty is

that the generation of an effective new vortices distribution is not really different

from generating a mesh; another difficulty is that at high Reynolds numbers, to be

truly effective, the regeneration has to be done frequently. This requires again effective

solution adaptive meshes, which would be a very difficult problem for “real life” high

Reynolds number separated flows about complex configurations. The interpolation

errors and trade-offs in choosing the times at which to redefine the vortex distribution

again introduce considerable uncertainty about the optimal procedure and the final

errors.

In order to actually achieve the advantages that a Lagrangian computation

promises, such as the elimination of the mesh generation problem and the accu-

rate representation of separation processes and separated vorticity without excessive

mesh points, better approaches are needed. Those approaches must directly handle

the irregular vortex distribution produced by high Reynolds number flows. A number

of methods that can do this have been proposed (subsections 1.3.1, 1.3.2 and 1.3.5),

of which the “random walk” method of subsection 1.3.1 has without doubt turned

out to be the most effective. However, although this method works (e.g. see figure

8.22), in practice it is quite inaccurate. This may in part be due to the fact that the

random walk method does not satisfy the various physical conservation laws exactly.

Furthermore, the method is of a statistical nature, which means that the results are

not easily reproducible, and the errors may be even larger if you happen to be unlucky.

In parameter studies, it is very difficult to separate the effect of the parameters from

the random errors. There is further no obvious way to improve the order of accuracy

of the method.

In this thesis we will propose another method to deal with chaotic vortex distribu-

tions. It could be called a “computed finite difference” method, since we compute the

equivalent of a finite difference formula for the diffusion of each vortex at each time.
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However, since the effect of the finite difference formula is to redistribute part of the

strength of each vortex among its neighbors, we call it the “Redistribution Method”.

We will show that this method can be implemented efficiently and is significantly

more accurate than the random walk method. It also does not have the inherent

limitations in order of accuracy of the random walk method. In the following, we

briefly describe the various existing methods for handling diffusion. We will show

that these existing methods cannot handle our requirements for a mesh-free accurate

procedure. Finally, we will introduce our new method that can.

1.2 Hybrid methods for diffusion

One possible approach to handle diffusion in vortex methods is to use a conven-

tional mesh. Since this combines both vortex and mesh based approaches it is called

a hybrid method. The basic procedure is the following: First, the vorticity at mesh

points is determined from the vortices using some interpolation scheme. Then the

diffusion equation is solved on this mesh to obtain diffused vorticity values at the

mesh points. After this, the strengths of the existing vortices can be updated using

the diffused vorticity values of the mesh points and the mesh can be discarded [92];

alternately, the existing vortices can be removed and new ones created at the mesh

points [40, 138, 139, 163].

One of the main reasons for using a mesh is the convenience in evaluating the

spatial derivatives of the vorticity or any other flow variable. This is also one of the

reasons for using a mesh in the Vortex-In-Cell method (VIC) [56, 61, 76] and the

Particle-In-Cell (PIC) type methods [108, 158]; in both these methods the numerical

diffusion is a major disadvantage [30]. Similarly, using a mesh for diffusion has the

disadvantage of high numerical diffusion due to the interpolations. This is not desir-

able for high Reynolds number flows or other situations where small scales need to
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be resolved. It is also difficult to ensure that the interpolated vorticity satisfies the

governing equations and conservation laws.

Apart from the above methods, there is another hybrid approach to handle dif-

fusion. In this approach the flow domain is divided into viscous regions adjoining

the solid boundaries (usually, the boundary layers) and convection dominated re-

gions outside it. In each of those regions, different formulations of the Navier-Stokes

equations [179] can be used; or approximations to the Navier-Stokes equations may

instead be used. Any of the above equations can be solved using vortices or a mesh

or a combination of both. This opens the way for numerous variations, some of which

can be found in [5, 52, 55, 66, 103, 111, 207, 216].

The motivation for using these methods is their ability to handle the viscous

regions accurately and efficiently [38, 65, 66, 111]. For example, the no-slip boundary

condition can be handled accurately [55, 103]. Moreover, efficient numerical schemes

can be used in various regions; typically, a finite difference or a finite element scheme

is chosen.

However, dividing the flow domain into different regions has an inherent difficulty:

it may not be easy to formulate appropriate conditions at the boundary between the

regions [66, 103, 111, 206]. Some authors consider the boundary layer equations to

be simpler to use in the viscous regions instead of the full Navier-Stokes equations

[4, 216]; the difficulty here is that the boundary layer equations could quickly become

invalid. Such is the case whenever unsteady boundary layer separation occurs, as

shown by Van Dommelen and Shen [241, 243].

To summarize, many of the difficulties of the above approaches are caused by the

mesh; in particular, the high numerical diffusion is a major disadvantage. In addition,

it may be difficult to generate a mesh for flow around a complicated geometry; and

in an external flow, it may be difficult for a mesh to exactly represent an infinite
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domain. All these difficulties are eliminated in mesh-free methods; we will discuss

such methods in the next section.

1.3 Lagrangian methods for diffusion

A number of numerical schemes model diffusion in vortex methods without using

a mesh. Such methods are based on the Lagrangian approach and use vortices only.

Often the vortices are unevenly and sparsely distributed; this makes it difficult to

compute vorticity gradients and to represent diffusion in regions depleted of vortices.

We will describe ways to handle such difficulties while discussing various methods.

Some of the current methods model diffusion by changing the parameters of the vor-

tices: their positions (Random Walk method); their sizes (Core Expansion method);

or their circulations (Deterministic Particle method). Other methods model diffusion

using smooth interpolants to approximate the actual vorticity distribution (Smoothed

Particle Hydrodynamics method and Fishelov’s method); or even by altering the char-

acter of the diffusion process (Diffusion Velocity method). We will briefly review the

above methods in the following sections.

1.3.1 Random walk method

The random walk method to model the diffusion of vorticity was first proposed

by Chorin [54]. To simulate the diffusion of vorticity in vortex methods, the positions

of the vortices are given random displacements (a random walk) [48]. These random

displacements have zero mean and a variance equal to twice the product of the kine-

matic viscosity and time step. The basic idea of the random walk method is that the

random displacements spread out the vortices like the diffusion process spreads out

the vorticity.
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Several studies investigate the theoretical and numerical aspects of the random

walk method: Marchioro & Pulvirenti [144], Goodman [90], and Long [135] have

shown that for flows in free-space, the random walk solution converges to that of the

Navier-Stokes equations as the number of vortices is increased. However, there are

no convergence studies for flows involving solid walls. Puckett [178] gives a survey

of the elements of vortex methods; in particular, he discusses in detail the random

walk method and its convergence. Chang [41] discusses how to incorporate the ran-

dom walk method in Runge-Kutta time-stepping schemes. Ghoniem & Sherman [85]

studied ways of handling the boundary conditions. They also develop a ‘gradient ran-

dom walk’ method [51, 205] in which the computational points transport derivatives

of vorticity instead of the vorticity itself; they show that this procedure produces

smoother vorticity distribution than the random walk method.

The random walk method has been used extensively. Here we will mention only

some of the applications: Chorin applied the random walk method for simulating

flows around cylinders [49, 54] and flat plates [49, 50, 52]. Shestakov [207] has used

the random walk method for flow inside a driven cavity. McCracken & Peskin [149]

have studied the blood flow through heart valves using the random walk method.

Ghoniem [84, 86], Sethian [200] and Majda & Sethian [142] have applied the random

walk method to problems in combustion; more recently, the random walk method

has been used in combustion problems by Melvin [154], Pindera [173], Caldaza [34]

and Song [211]. Sod [210] has used random walk method to study the interactions of

shock waves with boundary layers. Cheer [42, 43] has implemented the random walk

method for flows over a cylinder and an airfoil. Van Dommelen [213, 237, 238] studied

flows over impulsively started cylinders, pitching airfoils, jets and cavities. Ghoniem

& Cagnon [83] studied the entry flow in a channel and the flow over a backward-facing

step using the random walk method. Sethian & Ghoniem [199] studied convergence

for a backward-facing step numerically. Martins and Ghoniem [146] have applied the
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random walk method to simulate the intake flow in a planar piston-chamber device.

Smith & Stansby [214, 215] have studied flows over impulsively started cylinders.

Wang [245] studied various flow control techniques to avoid the dynamic stall of

airfoils. Seo [198] has applied the random walk method to flows over translating,

oscillating and pitching two-dimensional bodies of arbitrary shape. Tiemroth [221]

and Vaidhyanathan [228] have applied the random walk method to study flows over

submerged and floating bodies including free-surface interactions. Summers [220] has

applied the random walk method to Falkner-Skan boundary layer flows. Chui [58] used

the random walk method to study thermal boundary layers. Baden & Puckett [12],

and Choi, Humphrey & Sherman have applied the random walk method to compute

the flow inside square cavities. Lewis [128] has used the random walk method for flow

over airfoil cascades.

The random walk method has some advantages: it is simple to use; and it can

easily handle flows around complicated boundaries. The method conserves the total

circulation.

However, the random walk method also has some major disadvantages. First, it

does not exactly conserve the mean position of the vorticity in free space. Next, the

computed solutions are noisy due to the statistical errors. In flow control studies,

the statistical errors could mask the effects of varying the control parameters. The

statistical errors can also cause symmetric flows to turn asymmetric erroneously. To

reduce the statistical errors requires a very large number of vortices.

Many investigations have studied how the errors in the random walk computations

vary with the number of vortices. Milinazzo & Saffman [155] tested the random

walk method for the case of an initially finite region of vorticity in an unbounded

domain. They corrected for the error in the mean position, but found that the error

in computed mean size of the vortex system is proportional to the inverse square root

of the number of vortices N . If the initial vorticity inside the region is constant, the
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number of vortices must be increased with Reynolds number to keep the relative error

in change in size constant at finite times. Roberts [182] showed that if the relative

error in size itself is of importance, higher Reynolds numbers do not require additional

vortices. In fact, the number of vortices can be reduced if the initial data represent

the initial mean size accurately. Fogelson & Dillon [79] have used a simplified one-

dimensional version of the problem to study the question how much smoothing should

be applied to the random walk results. They found that convergence occurs when

the random walk solution is smoothed over a distance that is large compared to the

point spacing. Their results show that still a very large number of vortices is needed

to improve the accuracy of the random walk method.

From such studies, it follows that the random walk method needs a very large

number of vortices for accurate simulations. Correspondingly, the amount of work

to convect all the vortices also becomes large. In addition, since the method is not

deterministic, the random errors cause difficulties in the physical interpretation of the

results. As an alternative to random walk, a number of deterministic methods have

been proposed; we will discuss such methods in the following.

1.3.2 Core expansion method

Another procedure to model diffusion is the core expansion method proposed

by Leonard [126]; in two dimensions, the core of a vortex is the characteristic size

of that vortex. In the core expansion method, the core of each vortex is allowed

to expand according to the diffusion equation. Earlier Kuwahara & Takami [121]

have used expanding vortex cores to compute the motion of a vortex sheet in an

inviscid fluid. However, their objective was not to model diffusion but to eliminate

the large velocities induced by point vortices. For that, they use the velocity field of

a diffusing vortex instead of the velocity field of a point vortex; they do point out

that the viscosity is an artificial viscosity and that its value must be chosen as small

as possible.
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The core expansion method has been used to simulate several flows. Rossi [186]

has used the method to simulate wall jets. Zhang & Ghoniem [252] have applied

the method to buoyancy-driven plumes. Chua [57] and Leonard [124] have used the

method to simulate the collision of vortex rings. Meiburg has used the method for

simulating diffusion flames [152] and mixing layers [153]. Nagano, Naita & Takata

[162] have used the method for flows over rectangular prisms.

The core expansion method is exact for the Stokes equation. However, Greengard

[96] has shown that it cannot model convection correctly when applied to the Navier-

Stokes equations. The error in convection arises if the vortices become finite in size

compared to the length scale of the flow. To reduce the convection error, Rossi [185]

proposed the ‘corrected core spreading vortex method’ in which the large vortices

are split into smaller ones; however, the number of vortices grows exponentially in

time. Also, the number of smaller vortices, their sizes, and the frequency of vortex

splitting are critical control parameters that must be chosen apriori; these are sources

of uncertainty in a computation.

1.3.3 Deterministic particle method

A deterministic method to simulate diffusion has been developed by Raviart [180],

Choquin & Huberson [45], and Cottet & Mas-Gallic [64]. They use viscous/inviscid

splitting of the vorticity equation and then solve the diffusion equation exactly using

the fundamental solution of the heat equation. Recently the ‘Deterministic Particle

(or Vortex) Method’ has been developed along different lines by Degond & Mas-

Gallic [72], and Mas-Gallic & Raviart [147]. The basic ingredients in this approach

are: (a) to consider the strength (circulation) of each particle (vortex) as an unknown

coefficient that changes with time due to diffusion effects, (b) to approximate the

diffusion operator by an integral operator, and (c) to discretize the integral using the

particle positions as quadrature points.
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In practice, such methods start out with a fixed number of particles, distributed

uniformly over the domain, each with a prescribed initial strength [119, 170]. Changes

in the particle strengths then simulate the diffusion effects through a system of ordi-

nary differential equations [119, 170]. These changes can be interpreted as changes in

the strengths of particles due to the neighboring particles. For this reason, Winckel-

mans [247] and Koumoutsakos [119] call the deterministic particle method the ‘Par-

ticle Strength Exchange’ method (PSE)

Choquin & Lucquin-Desreux [46] have investigated the accuracy of the method

for axisymmetric vorticity distributions in two-dimensions. Huberson, Jollès & Shen

[111] applied it to a concentrated vortex in a shear flow. Choquin & Huberson [45]

studied the Kelvin-Helmholtz instability of a shear layer. Winckelmans & Leonard

[247] have used the PSE scheme to study the fusion of vortex rings. Cottet [67] and

Mas-Gallic [148] have extended the deterministic particle method to problems with

boundary conditions. Pépin [170] used the local vorticity flux to adjust the strength

of the vortices near a boundary. Koumoutsakos, Leonard & Pépin [118] describe the

no-slip boundary condition in terms of the vorticity flux based on the fundamental

solution of the heat equation. Koumoutsakos & Leonard [117] have applied the scheme

to impulsively started and stopped flows around translating and rotating cylinders for

Reynolds numbers from 40 to 9500; further computations of the flow over a cylinder

include that of Cottet [65, 66], Guermond, Huberson & Shen [103], and Huberson,

Jollés, & Shen [111]. Shen & Phuoc Loc [206] have simulated the flow over an airfoil

using PSE.

However, the PSE method has some disadvantages. The vortex size must be

sufficiently large that there is a significant overlap of vortices. This requirement re-

duces the ability of the method to resolve the smallest scales; for example, the Stokes

layer generated by an impulsive change in boundary conditions is numerically dif-

fused over a significant number of vortices away from the boundary. Further, the
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PSE method requires that the uniformity of the particle distribution be periodically

restored [65, 66, 111, 119, 170]. The uniformity is restored using a mesh [119, 170] and

this makes it difficult to handle flows over complicated geometries. For flows with sep-

arated vorticity, the mesh would have to be adaptive to be effective, greatly increasing

the difficulties. Even then, the interpolation to the mesh introduces significant errors

and inaccuracies.

1.3.4 Fishelov’s method

A method with properties similar to the particle strength exchange (PSE) scheme

was derived by Fishelov [78]. She convolves the spatial derivatives in the vorticity

equation with a smoothing function and then transfers the derivatives on to that

function. This procedure of using smoothing functions to compute spatial derivatives

is similar to the procedure used in the Smoothed Particle Hydrodynamics (SPH)

method [22, 25, 88, 140, 157, 158]. Fishelov showed that the L2 norm of the vorticity

does not increase in her method, implying stability, at least for the heat equation,

provided that the Fourier transform of the smoothing function is nonnegative. This

method readily extends to higher order of accuracy. With proper discretization, it

can be made to conserve vorticity exactly. Recently, Bernard & Thomas [23, 24] have

applied this method to boundary layers over flat plates.

However, Fishelov’s method requires periodic remeshing and particle overlap to

maintain accuracy [23, 24] like the PSE scheme. It has therefore similar disadvantages.

1.3.5 Diffusion velocity method

The basic idea of the diffusion velocity method is to handle diffusion as a part of

the convection process. To do that an artificial velocity field is defined to represent

the diffusion process. Golubkin & Sizykh [89] and Ogami & Akamatsu [165] identify

the ‘diffusion velocity’ by absorbing the diffusion term into the convection term in

the vorticity equation. Kempka and Strickland [116] derive the same expression for
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the diffusion velocity in a different way. It turns out that the diffusion velocity is

proportional to the ratio of the vorticity gradient to the vorticity. The diffusion

velocity is then added to the incompressible velocity field to convect the vortices.

Ogami & Akamatsu [165] applied this method to the one-dimensional Stokes flow

of an initially uniform vortex patch. Strickland, Kempka & Wolfe [218] have applied

it to several simple one-dimensional problems involving solid walls. Clarke & Tutty

[59, 227], and Huyer & Grant [112, 113] have used this method for the flow over a

cylinder and an airfoil. Recently, Ogami & Cheer [164] have extended the diffusion

velocity method [165] to compressible flows.

The diffusion velocity method is mesh-free since the vorticity gradients are evalu-

ated as in the SPH method mentioned in the subsection 1.3.4. However, the definition

of the diffusion velocity gives rise to inherent problems: special care is needed in re-

gions where the vorticity vanishes and also where vorticity gradients are large. The

method also requires a large number of overlapping vortices for accurate simulations

due to large variations in the diffusion velocity in different parts of the flow. Kempka

and Strickland [116] noticed that the diffusion velocity is not divergence free. They

interpret the effect of this nonzero divergence as a change in the size of the vortices.

They show that the accuracy of the diffusion process can be improved by modifying

the size of the vortices according to the nonzero divergence. However, such modifi-

cations are not easy to handle and lead to severe restrictions on the size of the time

step [116]. Further, the overlap of the vortices must be carefully monitored similar

to PSE and Fishelov’s methods.

Finally, the observations of Degond & Mustieles [71] may be noteworthy: The

diffusion velocity may become infinite in regions of vanishing vorticity or large vor-

ticity gradients. However, for numerical implementation the diffusion velocity has to

be finite; this creates a ‘diffusion front’ and could lead to numerical instability. In

fact, their one-dimensional computation of the diffusion of an initially smooth vor-



16

ticity field shows numerical oscillations in the regions of vanishing vorticity. They

also point out that this method may be less accurate and more expensive than other

methods for the Navier-Stokes and the heat equations. However, it may be suited to

problems in the kinetic theory of plasma physics.

1.3.6 Free-Lagrange method

Another deterministic vortex method is the free-Lagrange method developed by

Börgers & Peskin [28], Rees & Morton [181], Russo [188], and Trease, Fritts & Crowley

[224], among others. The basic idea is to construct a finite difference scheme for the

derivatives using the Voronoi diagram [161] of the vortices. The computational effort

to construct the Voronoi diagram is of the the same order as that of the convection

of the vortices using fast algorithms [36, 97, 233] for example. Russo [188] has shown

that the method does conserve vorticity and angular momentum but it is only weakly

first-order consistent. Börgers and Peskin [28] have shown that the method requires

a uniformity condition for the distribution of the points.

1.4 The vorticity redistribution method

In the previous section we discussed several Lagrangian methods for diffusion,

each of which has its own characteristics. Each of those methods has difficulty ei-

ther in handling diffusion accurately or in handling the complex boundary conditions

and vorticity fields in many practical flows: The random walk method requires a

very large number of vortices for accurate simulations. The PSE method and Fish-

elov’s method require remeshing and vortex overlap to maintain the accuracy of the

numerical computations. However, remeshing procedures for flows over complicated

boundaries or with complex vorticity fields and maintaining particle overlap in flows

with strong convection are difficult. The core expansion method does not represent
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the convection process correctly for the Navier-Stokes equations. Finally, in the dif-

fusion velocity method, evaluating the diffusion velocity accurately is difficult.

The above difficulties suggest the need for an accurate mesh-free method to han-

dle diffusion. The vorticity redistribution method developed in this work addresses

the above difficulties: Unlike the random walk method, the vorticity redistribution

method is deterministic and implicitly maintains the vorticity conservation laws.

Therefore, our method does not need as many vortices as the random walk method

for the same accuracy. Our method has the advantage over the PSE and Fishelov’s

methods in that it is mesh-free. This mesh-free property of our method provides a sig-

nificant advantage to compute flows over complicated geometries accurately. Another

difficulty with the PSE and Fishelov’s methods is the resolution of sharp gradients

in the flow; their resolution is asymptotically limited to a size that is asymptotically

much larger than the average spacing of the particles, (see section 9.1). However,

the resolution in our method is of the order of the average spacing of the particles.

We also do not have difficulty in representing convection correctly, unlike the core

expansion method. Finally, our method does not face the difficulties of the diffusion

velocity method since we do not use the diffusion velocity in our computations.

Next, we will describe the basic idea of the vorticity redistribution method. The

vorticity redistribution method is similar to the deterministic particle methods [72, 78]

in that it changes the strengths of the vortices to simulate diffusion: fractions of the

strength, or circulation, of each vortex are moved to neighboring vortices in order to

produce the correct amount of diffusion. However, while the deterministic particle

methods use simple approximations to find the amounts of circulation to move, instead

in section 4.1 we will formulate a special system of equations for it. Also, unlike the

deterministic particle methods, the maximum distance that the circulation of a vortex

is allowed to move during a time-step is restricted to a chosen distance of the order

of the point spacing, rather than large compared to it. This allows scales up to the
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point spacing to be resolved. Unlike free-Lagrangian methods, no partitioning of the

domain is attempted; instead, all available vortices within the allowed distance are

included in the discretization.

The key question is to choose the fraction of the circulation of each vortex that

is moved (redistributed) to each neighboring vortex. This choice determines the

accuracy of the approximation, its stability, and its conservation properties. We will

formulate a system of equations from which the redistribution fractions can be found

in section 4.1. As will be seen in section 4.2, the equations of this system takes the

form of localized conservation laws. This system can be extended to any order of

accuracy. A uniform distribution of vortices is not required; however, for uniformly

distributed points our method is equivalent to a finite difference scheme. Positivity of

the solution of the system is enforced to ensure stability. We use a solution procedure

that is guaranteed to find a positive solution to the system of equations, if one exists.

If there is no acceptable solution, we add new vortices until there is one.

Fundamentally, our procedure differs from the usual particle methods by sepa-

rating the computation of the vorticity into two distinct steps: (a) determination of

vortex strengths from the localized conservation laws; (b) reconstruction of the vor-

ticity field by convolution. This separation allows us to achieve any chosen order of

accuracy regardless of the geometry of the vortex distribution. However, unlike the

particle methods, and other numerical methods, in our scheme an individual vortex

strength has no identifiable meaning. It is the combination of nearby vortex strengths

and positions that determines the local solution. In chapter 9, we discuss the practical

implications of these differences.

We next describe the organization of this thesis.
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1.5 Organization of the thesis

In chapter 2 we review the governing flow equations and vorticity conservation

laws. In chapter 3 we describe vortex methods in general. In chapter 4 we formulate

our new ‘vorticity redistribution method’. In chapter 5 we establish the convergence

of the vorticity redistribution method for the Stokes equations. In chapter 6 we

describe the numerical implementation of the vorticity redistribution method. In

chapter 7 we apply the method to flows in free space. We first compute the flow due

to the the decay of point vortices in two-dimensional free space and then compute

two Stokes flows in three-dimensional free space. In chapter 8 we apply the method

to compute two-dimensional flows over solid walls. We first apply the method to

compute axisymmetric flows over circular cylinders. Next, we compute the more

complicated case of an impulsively translated circular cylinder for a wide range of

Reynolds numbers. We present the streamlines, velocity fields, vorticity fields, and

the drag coefficients. We validate our results against boundary layer computations

and other numerical computations. We also compute the interaction of a vortex

pair with a circular cylinder to illustrate the simplicity of our method. In chapter 9

we discuss the advantages of the redistribution method compared to other particle

methods. Finally, in chapter 10 we give our conclusions.



CHAPTER 2

GOVERNING EQUATIONS

In this chapter we review the flow equations that describe the evolution of vorticity

and velocity. The conservation laws of vorticity are also reviewed.

2.1 Navier-Stokes equations

Consider the two-dimensional flow of a homogenous and incompressible fluid. The

density and the viscosity of the fluid are both assumed to be uniform. We assume

that any body forces on the fluid are derived as a gradient of a scalar function. The

governing equations for the motion of the fluid are the conservation of mass and linear

momentum [14].

The mass conservation equation is

∇ · ~u = 0 , (2.1)

where ~u is the velocity and ∇ is the gradient operator. We also denote ~x = (x, y) to

be any point in the plane and x̂ and ŷ to be the unit vectors along the axes.

The linear momentum conservation for a Newtonian fluid is given by the Navier-

Stokes equations [14],

∂~u

∂t
+ ~u · ∇~u = −1

ρ
∇p + ν∇2~u + ~F , (2.2)

where t is time; p is mechanical pressure; ~F is body force per unit mass of the fluid;

ν is kinematic viscosity, defined as the ratio of the dynamic viscosity and the density

of the fluid and ∇2 is the Laplacian operator.

20
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The equation for the the evolution of vorticity can be derived from the Navier-

Stokes equations (2.2). To do that, we first define the vorticity ~ω to be the curl of

the flow velocity,

~ω ≡ ∇× ~u . (2.3)

For two-dimensional flows, the vorticity vector is normal to the plane of the flow; that

is, ~ω = ωẑ, where ẑ = x̂ × ŷ is an unit vector normal to the plane. The vorticity

equation is obtained by taking the curl of (2.2) and it is given by:

∂ω

∂t
= −~u · ∇ω + ν∇2ω . (2.4)

The physical interpretation of each of the terms in the vorticity equation (2.4)

is the basis for the formulation of vortex methods. On the right hand side of (2.4)

the first term represents the transport of vorticity due to the velocity (convection

process), and the second term represents the change in vorticity due to viscosity

(diffusion process) [14]. Truesdell [225] has described the convection and diffusion

processes in detail from a kinematic point of view.

To solve (2.4) for a particular problem, initial and boundary conditions must be

specified. The initial vorticity field may be prescribed or it may also be derived as the

curl of a specified initial velocity field [179]. Boundary conditions must be specified

when there are boundaries in a flow. On a solid impermeable boundary, the velocity

of the fluid on the boundary must be the same as the velocity of the boundary itself

[14],

~u(~s, t) = ~us(~s, t) , (2.5)

where ~s is any point on the boundary and ~us is the velocity of the boundary. Notice

that the boundary condition (2.5) is in terms of velocity and not vorticity; we will

discuss the handling of this boundary condition in section 6.3. Further, in many

applications the flow domain is unbounded and at large distances the velocity is

either uniform or vanishes; hence the vorticity vanishes at large distances also.
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A number of theoretical studies have investigated the validity of the vorticity

formulation of the Navier-Stokes equations. McGrath [150] showed that for flows

in free space the vorticity equation has an unique solution for any finite time if

the initial vorticity is smooth (twice differentiable). A similar result for singular

initial vorticity distributions (that are absolutely integrable) has been established by

Benfatto, Esposito & Pulvirenti [21], Giga, Miakawa & Osada [87], Ben-Artzi [20, 31]

and Kato [114].

Guermond & Quartapelle [102] and Quartapelle [179] have shown that the the vor-

ticity formulation is equivalent to the velocity-pressure form of Navier-Stokes equa-

tions. Gresho [98, 99, 100] discusses a number of theoretical and computational issues

for the vorticity formulation for incompressible flows.

Vortex methods are based on the Lagrangian approach in which the “fluid parti-

cles” are used as the basic computational elements [14]. Here the fluid particles are

understood to be small volumes of fluid. To be precise, particles are volumes of fluid

that are much smaller than all relevant length scales of the flow but still much larger

than the molecular size and mean free-path length. The time derivative following a

fluid particle is defined as
D

Dt
≡ ∂

∂t
+ ~u · ∇ . (2.6)

In terms of this “Lagrangian time-derivative”, we can rewrite the vorticity equation

(2.4) as [14],
Dω

Dt
= ν∇2ω . (2.7)

According to (2.7), the vorticity of a fluid particle changes only due to diffusion. In

inviscid flows (ν = 0) the vorticity of a fluid particle does not change [14, 137]; this

result is very useful in formulating vortex methods described in the next chapter.

However, the vorticity equation is only one equation for three unknowns, ω, u,

and v, and we need equations to determine the velocity field also; we will formulate

the equations for the velocity field next.
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2.2 Velocity field

The velocity field determines the motion of the vorticity field. On the other hand,

it turns out that we can find the velocity field from the vorticity field; in the following,

we describe this.

The mass conservation equation (2.1)

∇ · ~u = 0 , (2.8)

can be satisfied using a scalar function ψ(~x, t) called the stream function [14] such

that

∇× ψẑ = ~u . (2.9)

Equivalently, (2.9) implies that the velocity components (u, v) are given by,

u =
∂ψ

∂y
(2.10)

−v =
∂ψ

∂x
. (2.11)

We substitute (2.10) and (2.11) in the definition of vorticity (2.3) and obtain the

following Poisson equation for the stream function,

∇2ψ = −ω . (2.12)

We can solve (2.12) to find the stream function and then the velocity field using

(2.9). A standard approach to solve the Poisson equation (2.12) is the Green’s function

method [13, 95]. Using this method, for flows in free space (no boundaries) we can

obtain ψ from (2.12) as,

ψ(~x, t) =
∫ ∫

G(~x; ~x′) ω(~x′, t) dx′ dy′ (2.13)

≡ G ∗ ω ,
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where ∗ denotes the convolution operation [13] and G is the free space Green’s func-

tion, also known as fundamental solution, of the Laplace equation. This Green’s

function satisfies

∇2
~xG(~x; ~x′) = δ(~x− ~x′) , (2.14)

where δ(·) is the two-dimensional Dirac delta function; and ∇2
~x is the Laplacian

operator in which the derivatives are with respect to ~x. The actual form of G is

[13, 95],

G(~x; ~x′) =
1

2π
ln(| ~x− ~x′ |) . (2.15)

Using (2.13) in (2.9), we obtain the velocity field

~u(~x, t) =
∫ ∫

~K(~x; ~x′) ω(~x′, t) dx′ dy′ (2.16)

≡ ~K ∗ ω ,

where ~K is given by

~K(~x; ~x′) = ∇~x ×G(~x; ~x′)ẑ (2.17)

=
1

2π | ~x− ~x′ |2




y − y′

x′ − x



 . (2.18)

The equations (2.16) and (2.18) for the velocity are known as the Biot-Savart law

[109, 126]. The function ~K is also called the kernel [11], the Biot-Savart Kernel [109]

or the velocity kernel [17].

The velocity given by (2.16) is for free space flows since we used the free space

Green’s function in (2.13). For flows over solid boundaries, this velocity can be

corrected to satisfy the boundary condition (2.5); we will describe that in section 6.3.

The vorticity equation (2.7), the velocity equation (2.16), the initial condition

and the boundary conditions together describe the evolution of the vorticity. Next

we review the conservation laws derived from the vorticity equation.
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2.3 Vorticity conservation laws

The vorticity conservation laws can be viewed as constraints on the motion of the

vorticity. These conservation laws can be used to monitor the accuracy of numerical

computations or even to construct accurate numerical schemes.

The conservation laws can be derived from the vorticity equation. Poincaré [174]

derived the conservation laws for two-dimensional flow of a homogenous incompress-

ible viscous fluid in free space; they are,

d

dt

∫ ∫
ω(~x, t) dx dy ≡ dΓ

dt
= 0 (2.19)

d

dt

∫ ∫
~xω(~x, t) dx dy = ~0 (2.20)

d

dt

∫ ∫
~x · ~x ω(~x, t) dx dy = 4 ν Γ , (2.21)

where ν is the kinematic viscosity of the fluid and Γ is the total circulation. Howard

[110] showed that these are the only conservation laws for such flows; they are also

the conservation laws for the vorticity equation without convection (Stokes equation).

Truesdell [225] derived various laws for the average motion of vorticity in flows over

solid boundaries.

The above conservation laws have the following interpretation [14, 122]: The first

equation (2.19) states that the total circulation Γ is conserved. Equation (2.20)

implies that the average position of the vorticity (center of vorticity) does not change

in time. Equation (2.21) is a measure of how fast a vortical region expands. For

flows in which the linear and angular momenta are bounded, the equations (2.20)

and (2.21) can also be interpreted as conservation of those two momenta respectively

[122].
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2.4 Summary

In this chapter, we derived the governing equations for velocity and vorticity; and

we also discussed the boundary conditions on solid walls and vorticity conservation

laws. Our next objective is to solve numerically the governing equations for the vortic-

ity and velocity derived in this chapter. Vortex methods are well suited to accomplish

this objective since they offer a number of advantages listed in the introduction; we

will describe the vortex methods in the next chapter.



CHAPTER 3

VORTEX METHODS

Vortex methods are numerical methods to solve the vorticity equation. In this

chapter we will briefly describe the basic elements of the vortex methods. Further

details and applications of vortex methods are given in survey articles by Clements and

Maull [63], Graham [93], Leonard [125, 126], Saffman [190], and Sarpkaya [193, 195]

and in conference proceedings [6, 16, 33, 81, 104, 192, 9]. The mathematical analysis

of vortex methods can be found in articles by Anderson & Greengard [11], Chorin

[47], Puckett [178], and Raviart [180], and also in the aforementioned conference

proceedings.

The evolution of vorticity is due to convection and diffusion processes (see section

2.1 following (2.4)). It is easier to handle those two processes separately in a compu-

tation; to do so, at each time step of the computation the vorticity is first convected

and then diffused. This basic idea is called the ‘viscous splitting algorithm’, Chorin

et al. [53], and Beale & Majda [19].

The handling of convection in vortex methods for viscous flows can be based on

that for inviscid flows; hence, we first describe the vortex methods for inviscid flows

in section 3.1. Then, in section 3.2 we formulate the vortex methods for viscous flows.

3.1 Vortex methods for inviscid flows

For an inviscid fluid, the vorticity equation (2.4) in the previous chapter reduces

to,
∂ω

∂t
= −~u · ∇ω , (3.1)

27
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in which the vorticity ω is the curl of the flow velocity. The above equation can also

be derived as the curl of the Euler equations [14]. Following a fluid particle, (3.1)

becomes [14],
Dω

Dt
= 0 , (3.2)

in which the time derivative D/Dt keeps the fluid particle constant. In other words,

according to (3.2) the vorticity of a fluid particle does not change in time. Based on

Low’s [137] observation, the fluid containing vorticity can be divided into distinct fluid

particles of constant vorticity; then the motion of these fluid particles determines the

evolution of the vorticity. To describe the motion of the fluid particles mathematically,

following Anderson & Greengard [11], and Hou [109] for example, let ~X(~α, t) be the

position of a fluid particle at any time t, where ~α is the initial location of the particle.

Following the fluid particles, the vorticity distribution at any time can be obtained

from the initial vorticity distribution as

ω( ~X(~α, t), t) = ω(~α, 0) . (3.3)

The path of the particle is obtained from the following equations:

d

dt
~X(~α, t) = ~u( ~X(~α, t), t) (3.4)

~X(~α, 0) = ~α (3.5)

ω( ~X(~α, t), t) = ω(~α, 0) , (3.6)

where ~u( ~X(~α, t), t) is the velocity of the fluid particle. The velocity in (3.4) can be

obtained from (3.6) using (2.16) in the previous chapter,

~u(~x, t) =
∫

~K(~x; ~x′) ω(~x′, t) dx′ dy′ (3.7)

≡ ~K ∗ ω .

In the above equation (3.7), the integration is over all space and ~K is given by

~K(~x; ~x′) =
1

2π | ~x− ~x′ |2




y − y′

x′ − x



 . (3.8)
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McGrath [150], and Marchioro & Pulvirenti [143] have shown that the velocity and

vorticity obtained from solving (3.4) through (3.7) is a weak solution of Euler equation

(3.1).

The equations (3.4) through (3.7) can be solved numerically using vortex methods.

In a computation, the vorticity distribution can be represented by a collection of

discrete amounts of vorticity (vortices). A simple way to create vortices is to divide

the flow region into small fluid particles. To each fluid particle we assign a vortex;

the circulation of the vortex is taken to be either the total circulation (integrated

vorticity) of the fluid particle or the product of a representative vorticity value of the

fluid particle and the area occupied by the fluid particle [106]. Using the vortices

created, the vorticity distribution is mathematically approximated by

ω̃(~x, t) =
∑

i

Γi δ(~x− ~xi(t)) , (3.9)

where ~xi(t) is the location of vortex i at time t; Γi is the circulation or the strength of

the vortex; and δ(·) is the Dirac delta function [11, 109, 184]. The vortices in (3.9) are

called point vortices since they are represented by delta functions. Rosenhead [184]

was probably the first to compute the evolution of vorticity in an inviscid flow using

a point vortex method. He investigated the instability of a vortex sheet numerically

by representing the vortex sheet by a collection of vortices of prescribed strengths.

The motion of these vortices was then used to describe the evolution of the vortex

sheet.

In equation (3.9), the vorticity distribution at any time depends on the path ~xi(t)

of the vortices. To find the path of the point vortices, we first substitute (3.9) for

the vorticity in (3.7) to obtain the velocity; and then, using this velocity in (3.4) we

obtain a system of ordinary differential equations for the paths of the vortices,

d

dt
~xi(t) =

∑

j 6=i

Γj
~K(~xi(t); ~xj(t)) (3.10)

~xi(0) = ~αi ,
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where ~αi is the initial location of vortex i. Goodman, Hou and Lowengrub [91] have

shown that the solution ω̃ of the point vortex method converges to the solution ω of

the vorticity equation (3.1) for any finite time if the vortices are initially uniformly

spaced. Hou [109] has given a survey of the convergence analysis for point vortex

methods for both two and three-dimensional flows.

However, a numerical difficulty with point vortex methods is that the velocity

field becomes unbounded if any two vortices come very close to each other [11]. Beale

& Majda [17] have shown that there is another difficulty with point vortex methods:

the computed velocity field is unreliable at locations other than vortex positions.

To handle the above numerical difficulties of the point vortex methods Chorin [54]

suggested using “vortex blobs”, instead of point vortices. A vortex blob is obtained

by spreading the circulation of a point vortex over a chosen small area that is called

the vortex core.

Using the vortex blobs, the vorticity field is approximated by

ωδ(~x, t) =
∑

i

Γi φδ(~x− ~xi(t)) , (3.11)

where the function φδ describes the vorticity distribution in the vortex core; and the

subscript δ represents the characteristic size of the vortex core. The function φδ is

also known as smoothing function, core function or core shape [11]. Mathematically,

(3.11) can be interpreted as the result of convolving the delta-function approximation

of the the vorticity (3.9) with the smoothing function φδ; that is,

ωδ(~x, t) =
∫

φδ(~x− ~x′) ω̃(~x′, t) dx′ dy′ (3.12)

≡ φδ ∗ ω̃ .

The smoothing function in (3.11) is usually chosen [11, 126, 178] to be of form

φδ(~x) =
1

δ2
φ

(
~x

δ

)

, (3.13)
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such that φ(~x) integrates to unity. In computations, Leonard [126] for example, φ

is taken to be an axisymmetric smoothing function for simplicity in evaluating the

velocity field. Beale and Majda [17] give various properties of smoothing functions

of the form (3.13); they also show how to construct such functions, for both two and

three-dimensions, to approximate the vorticity to high orders of accuracy. Winck-

elmans and Leonard [247] also give a list of smoothing functions in both two and

three-dimensions. Beale & Majda [17], Perlman [172], and Daleh [70] have studied

the choice of smoothing function and core size based on the errors in the computed

velocity and vorticity fields. They conclude that the core size δ of the vortices must

be much larger than the average spacing h between the vortices; in most work the

core size is taken to be δ = hq, where q is well less than one.

In (3.11), the vorticity distribution at any time depends on the path ~xi(t) of the

vortex blobs. To find this path, we first need to find the velocity due to the vortex

blobs; to do that, we substitute the vorticity given by (3.12) for the vorticity in (3.7)

to obtain,

~u(~x, t) =
∫

~K(~x; ~x′)ωδ(~x
′, t) dx′ dy′ (3.14)

≡ ~K ∗ ωδ .

Evaluating the convolution (3.14) can be made simpler if we rewrite it using (3.9)

as

~u(~x, t) = ~K ∗ (φδ ∗ ω̃) = ( ~K ∗ φδ) ∗ ω̃ ≡ ~Kδ ∗ ω̃ =
∑

i

Γi
~Kδ(~x; ~xi(t)) . (3.15)

In the above summation the velocity kernel ~Kδ does not depend on the particular

vorticity field. It can often be found explicitly for a proper choice of the axisymmetric

smoothing function φδ [17, 247].

To find the velocity of all the vortices using (3.15), the computational effort is

O(N2), where N is the number of vortices. A number of fast algorithms have been
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developed to do reduce the effort to O(N logN) operations [2, 5, 10, 36, 74, 75, 97,

217, 233].

We can now use the velocity given by (3.15) in (3.4) to find the path of the vortex

blobs as

d

dt
~xi(t) =

∑

j

Γj
~Kδ(~xi(t); ~xj(t)) , (3.16)

~xi(0) = ~αi ,

where ~αi is the initial location of vortex blob i. The convergence of the solution

obtained from the above vortex blob method to that of the vorticity equation (3.1)

has been established by Hald [106, 107], Beale & Majda [18], Raviart [180], and

Anderson & Greengard [11]. To integrate (3.16), many numerical schemes use Runge-

Kutta time stepping. Anderson & Greengard [11], and Hald [106] have shown the

convergence of vortex blob schemes that use Runge-Kutta schemes.

To summarize, the numerical implementation of vortex methods for inviscid flows

consists of moving the vortices (points or blobs) to new locations using the equations

(3.10) or (3.16) at each time step of the computation. For viscous flows, in addition

to moving the vortices, the diffusion process must also be represented; we will discuss

that in the next section.

3.2 Vortex methods for viscous flows

For Newtonian viscous flows, the vorticity equation (2.4) is

Dω

Dt
= ν∇2ω . (3.17)

To solve (3.17) numerically, we use the viscous splitting algorithm mentioned in the

introduction of this chapter. Mathematically, this algorithm is expressed by splitting
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each time-step into a convection step and a diffusion step as follows (Chorin et al.

[53]):

Convection step:

d~xi

dt
=

∑

j

Γj
~Kδ(~xi(t); ~xj(t)) (3.18)

dΓi

dt
= 0 , (3.19)

Diffusion step:

d~xi

dt
= 0 (3.20)

∂ω

∂t
= ν∇2ω . (3.21)

In the above equations, ~xi and Γi are the position and circulation of vortex i respec-

tively; ~Kδ is the velocity kernel ~K ∗ φδ; and ω is the smooth vorticity distribution

represented by the vortices Γi.

A number of theoretical studies have shown that the velocity field from the viscous

splitting algorithm converges to the velocity field of the Navier-Stokes equations.

Beale & Majda [19] have shown the convergence for flows in free space. Ying [251]

and Beale & Greengard [15] showed convergence for flows over solid boundaries.

3.3 Summary

In this chapter we formulated the vortex methods for inviscid flows in section

3.1 and described the convection of the vortices. We then formulated the vortex

method for viscous flows in 3.2. The convection step in section 3.2 can be handled
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numerically in a mesh-free manner [36, 97, 233]. Further, for the easier handling

of flows over complicated geometries, the diffusion step must also be solved using a

mesh-free procedure; we will describe that in the next chapter.



CHAPTER 4

VORTICITY REDISTRIBUTION METHOD

In this chapter we will describe our new redistribution method to handle diffusion

in vortex computations. As we explained at the start of chapter 1, our method is de-

signed to handle any distribution of vortices. Hence, we make no a priori assumptions

about the relative locations of the vortices, or the number of vortices surrounding any

given vortex in our mathematical formulation of the method in section 4.1. The phys-

ical meaning of the equations is discussed in section 4.2. A general justification of our

approach is presented in section 4.3. Further theoretical justification can be found

in the comparison with other methods in chapter 9. That the method converges is

shown analytically and numerically in chapters 5 to 8.

4.1 Mathematical formulation

The purpose of the vorticity redistribution method is to simulate the diffusion of

each vortex during a time-step. As sketched in figure 4.1, this is done by distributing

fractions of the circulation Γn
i of each vortex i to its neighboring vortices. The question

is how to select the neighboring vortices and the fractions so that the correct diffusion

is approximated. We will answer that question in the following discussion.

First, vortices will be considered to be within the neighborhood of a given vortex

i if they are within a predetermined distance from that vortex. We take this distance

to be of the order of the typical diffusion distance during a time-step. To be precise,

the typical diffusion distance hv will be defined as

hv ≡
√
ν∆t , (4.1)
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where ∆t is the size of the time step and ν the coefficient of kinematic viscosity. A

vortex j is part of the neighborhood of vortex i if

|~xj − ~xi| ≤ Rhv , (4.2)

where R is a chosen constant. We used a maximum distance
√

12hv in all computa-

tions presented in this thesis. Some guidelines for choosing this distance will be given

in subsection 6.2.3.

The diffusion of a vortex i will be approximated by moving fractions of its cir-

culation towards the other vortices within this neighborhood. We will indicate the

fraction moved from vortex i to a vortex j by fn
ij, where n indicates the time level.

Implementation of the redistribution method is in principle merely a matter of deter-

mining fractions fn
ij that approximate the correct diffusion over a time-step accurately

and stably.

Yet, we choose not to identify the vortex strengths with any particular smooth

interpolated vorticity distribution. The reason is that due to straining effects, the

vortex locations can become very irregular. In the absence of a continuous vorticity

field, the question arises how a meaningful representation of the diffusion process

can still be achieved. Regardless of the interpretation of that representation, the

redistribution method changes a vorticity distribution at time level n

ωn =
∑

i

Γn
i φδ(~x− ~xi) (4.3)

into

ωn+1 =
∑

i

∑

j

fn
ijΓ

n
i φδ(~x− ~xj) . (4.4)

at the next time level n + 1. We would like this change to approximate the true

diffusion over the time-step in some way. Our approach will be to demand that all

finite wave numbers of the Fourier transform are correctly damped. This is similar

to a weak formulation in which Fourier modes are used as weighting functions.
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The Fourier transform of the new vorticity distribution is

ω̂n+1 = φ̂(kδ)
∑

i

Γn
i e

−i~k·~xi
∑

j

fn
ije

−i~k·(~xj−~xi) . (4.5)

This is to be compared with the Fourier transform of the exactly diffused vorticity:

ω̂n+1
e = φ̂(kδ)

∑

i

Γn
i e

−i~k·~xie−k2ν∆t . (4.6)

The two Fourier transforms cannot be equal for all values of k using only a finite

number of vortices. However, within the neighborhood of vortex i, the distance

|~xj − ~xi| is a small quantity of order O(
√

∆t), compare (4.1) and (4.2). This makes

it possible to approximate the trailing exponentials in the two Fourier transforms

by a truncated Taylor series. It does turn out to be possible to equate the Fourier

transforms using these truncated Taylor series. The detailed derivation is given in

Appendix A.

The resulting equations are the redistribution equations we were looking for. They

involve scaled relative vortex positions defined as

~ξij ≡
~xj − ~xi

hv

, (4.7)

that are bounded by the neighborhood radius; ξij ≤ R.

In terms of the scaled coordinates, the final redistribution equations are

O(1) :
∑

j

fn
ij = 1 ; (4.8)

O(∆t)1/2 :
∑

j

fn
ijξ1ij = 0 ;

∑

j

fn
ijξ2ij = 0 ; (4.9)

O(∆t) :
∑

j

fn
ijξ

2
1 ij = 2 ;

∑

j

fn
ijξ1ijξ2ij = 0 ;

∑

j

fn
ijξ

2
2 ij = 2 ; (4.10)

O(∆t)3/2 :
∑

j

fn
ijξ

3
1 ij = 0 ;

∑

j

fn
ijξ

2
1 ijξ2ij = 0 ;

∑

j

fn
ijξ1ijξ

2
2 ij = 0 ;

∑

j

fn
ijξ

3
2 ij = 0 ; (4.11)

O(∆t)m/2 : Higher-order moment equations, m = 4, . . . ,M + 1 . (4.12)
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From these equations, the redistribution fractions fn
ij are to be found.

Consistency requires that the numerical solution approximates the O(∆t) diffu-

sive changes in the exact solution: the redistribution fractions must at least satisfy

(4.8) through (4.10). This results in a truncation error of order O(hv). Subsequent

equations, (4.11), (4.12), can be included to achieve a higher order of accuracy O(hM
v ).

Thus in principle, the accuracy can be increased arbitrarily, although for the

Navier-Stokes equations the splitting error also has to be considered. The condition-

ing of the above system of equations also needs to be taken into account in a practical

application. The equations could be recast in terms of orthogonal polynomials such

as Legendre polynomials to improve the conditioning. On the other hand, the con-

ditioning of the system may not be very important; the requirement is not to find a

particular solution for the fractions fn
ij, but to satisfy the equations accurately. In

the numerical results in this paper, we simply solved (4.8) through (4.10) in the form

shown.

The redistribution equations are similar to the equations obtained when a Taylor

series expansion of the exact solution is substituted into a finite difference formula,

or to the moment conditions in the particle methods. In fact, consistency of a finite

difference scheme requires the same agreement for finite wave numbers; see Strikwerda

([219] (10.1.3)), for example. For uniform point spacing and redistribution fractions,

the redistribution method is equivalent to an explicit finite difference scheme. The

redistribution equations do not involve the smoothing function φδ in (4.3). This allows

us to choose this function after the actual computation has already been completed.

In implementing the redistribution scheme, it is important to realize that not

all solutions fn
ij to (4.8) and following will lead to a convergent approximation. For

example, a consistent but unstable explicit finite difference scheme would satisfy the

equations. Some form of stability condition needs to be imposed; following Van
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Dommelen [235], we will demand that all fractions are positive:

fn
ij ≥ 0 . (4.13)

This ensures that the l1 norm Γn =
∑

i |Γn
i | of the circulation cannot grow.

In the next two sections we will further justify the above conditions using phys-

ical and mathematical arguments. However, the truly relevant questions are clearly

whether the equations are solvable, whether they can be solved using only a finite

number of neighboring points within a finite scaled distance R, and whether the nu-

merical solution approaches the exact solution with the expected rate of convergence.

In the following chapters 5 and 6 we will prove that the answer to all these questions

is affirmative for the linear Stokes equations. To verify that our method also works

for the nonlinear Navier-Stokes equations, we will present example computations with

nontrivial convection effects in chapters 7 and 8.

4.2 Physical meaning of the equations

The equations (4.8) through (4.13) derived in the previous section are the core of

the redistribution method. While they were derived using mathematical arguments,

some have a clear physical meaning. For example, the lowest order equation (4.8)

conserves circulation for each vortex.

Next, (4.9) conserves the center of vorticity; and (4.10) implies the correct expan-

sion of the mean diameter. These conservation laws are expressions of the physical

laws of conservation of linear and angular momentum, [122].

The positivity condition (4.13) expresses the physical fact that reverse vorticity

cannot form spontaneously in the middle of a flow field.



40

The size (4.2) of the redistribution region corresponds to the typical distance of

order O(
√
ν∆t) over which the vorticity of a vortex diffuses during a time-step. It

ensures that numerically the vorticity diffuses out over a distance of the same order.

Together, these properties imply that even if numerical resolution is poor, the

possible effects of the errors remain quite limited. No false circulation, linear or

angular momentum, or reversed vorticity can be created by the numerical errors.

The center of vorticity is unaffected and the root mean square size of the vortex

system expands at the correct rate. The vorticity will not expand over a region much

larger than the physical one. The long range errors in velocity, which are determined

by the vorticity moments, vanish. Disjoint sets of vortices much more than O(
√
ν∆t)

apart satisfy the conservation laws individually.

4.3 General justification

We would certainly not suggest that our redistribution method, and its detailed

implementation, is the only possible approach to diffusion in vortex computations.

We merely want to explain the reasoning that led us to formulate this particular pro-

cedure. Hopefully, this will explain why our method does have a number of advantages

that may be of importance.

We wanted a scheme to replace the random walk method in our computations.

Like this method, it should not require ordered vortices: the method should not

be based on associations between individual vortices such as a uniform or regular

distribution of the vortices, a numerical quadrature rule using the vortices, or any

partitioning of the domain. Our motivation for this demand was that in a Lagrangian

computation convection effects eventually decouple vortices initially associated with

each other. Any order introduces complications: it needs to be decided how long the



41

computation can proceed without restoring a new order, and how to restore it. It

causes uncertainty about the possible errors introduced by each of those decisions.

A scheme that merely identifies neighboring vortices avoids these difficulties. It also

simplifies the computation of flows about complex geometries.

We did not want a partitioning of the domain as in ‘unstructured’ computations.

Such a partitioning is still a form of structure that must be regenerated. It brings

in complicating aspects such as the geometry of triangles that are not found in the

physical flow. Our scheme uses all available vortices within some reasonable distance,

rather than a selected subset, to find a suitable discretization for the diffusion of each

vortex.

Yet, variations on our scheme remain possible. For example, instead of attempting

to describe the diffusion of each individual vortex separately as we do, it would be

possible to divide the domain into small square or hexagonal regions and demand

only that the net diffusion of all vortices within each region is correctly represented

to some order.

However, the work involved in diffusing the individual vortices does not seem to be

prohibitive. This is certainly true theoretically, since the work for the redistribution

process is asymptotically negligible compared to the work needed to find the velocity

field. (We do not consider the machine precision finite as other authors, since this

does not allow convergence to occur). In our experimental results for limited number

of vortices, the actual work is acceptable but still significant. As explained in sub-

section 6.2.1, we believe that this is due to our brute force approach to finding the

redistribution fractions.

Our requirement that the redistribution weights are positive was motivated in part

by the standard five-point explicit finite difference scheme for the diffusion process.

For that finite difference scheme, the transition from a stable to an unstable scheme

occurs when one of the fractions becomes negative. Therefore, at least when the vor-



42

tices are located on a uniform mesh, and the redistribution radius includes five vortices

at a time, the positivity constraint needs to be satisfied. Furthermore, the positivity

condition is sufficient: in chapter 5 we will prove for the linear Stokes equation that

it ensures convergence of the method for any arbitrary point distributions.

On the other hand, there are certainly stable finite difference schemes with neg-

ative fractions that will be excluded by the positivity constraint. Yet this does not

appear to be an unacceptable loss; suitable positive solutions can always be found.

As discussed in subsection 6.2.3, for any order of approximation our redistribution

equations can be solved using only a finite number of points within a finite scaled

radius R.

4.4 Summary

To summarize this chapter, we obtained the redistribution equations to diffuse

the vortices. Those equations depend only on the positions of the vortices in the

neighborhood of the vortex to be diffused. Hence, to diffuse a vortex all we need to

do is identify the neighboring vortices and then solve the redistribution equations;

the significant advantage of this procedure is that it is mesh-free and independent of

the distribution of the vortices. However, we still need to establish the convergence

of our procedure; we will consider that in the next chapter.



CHAPTER 5

CONVERGENCE ANALYSIS

In this chapter, we will prove convergence of the vorticity redistribution method

for the Stokes or heat equation (3.21). The redistribution fractions fn
ij are assumed

to satisfy the redistribution equations (4.8) and following, to satisfy the positivity

constraint (4.13), and to be restricted to vortices within a mutual distance (4.2), with

R > 1. Since we are enforcing consistency in the L2 norm, using the Fourier transform,

while we have stability in the l1 norm, and the redistribution fractions are only partly

determined, the conventional convergence arguments need some modifications.

We will show convergence in the L2 norm by showing convergence of the Fourier

transform of the numerical solution,

ω̂n = φ̂(kδ)
∑

i

Γn
i e

−i~k~xi (5.1)

to the Fourier transform of the exact solution,

ω̂(t) = ω̂0e
−k2νt (5.2)

in the L2 norm. Here ω0 is the given initial vorticity and we do not explicitly show

the dependence on ~k.

The total error consists of the error induced by discretizing the initial data and

the error induced by the redistribution method itself:

‖ω̂0e
−k2νt − ω̂n‖ ≤ ‖(ω̂0 − ω̂0)e−k2νt‖ + ‖ω̂0e−k2νt − ω̂n‖ . (5.3)

The first error due to discretizing the initial data can be important if the initial

data have only limited smoothness or if a low-order smoothing function is used. It

depends on how the initial discretization is performed. Typically the initial vortices
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are given a uniform spacing h = O(hv) and the initial vortex strength is taken as

Γ0
i = h2ω0(~xi). Since the initial vorticity field is evaluated only at the vortices, some

information is lost; aliasing makes ω0 indistinguishable from the Fourier interpolant

ωh through the vorticity values. The total error due to discretization of the initial

data can be written:

‖(ω̂0 − ω̂0)e−k2νt‖ ≤ ‖(ω̂0 − ω̂h)e
−k2νt‖ + ‖(ω̂h − ω̂0)e−k2νt‖ . (5.4)

The magnitude of the first of these two errors depends on the number of square

integrable derivatives of the initial vorticity. It may be shown that if σ derivatives

are square integrable, this error is of order hσ ([219] pp. 198-206). In two dimensions

σ has to be greater than one, but fractional values are allowed.

The second error is due to the vortex core. Assuming φ̂δ to be bounded, for

nonzero times the order of this error is simply the order of accuracy of the vortex

core. Thus, if the core is accurate O(hM
v ), the overall accuracy of the computation is

not affected by the core.

It follows that for sufficiently accurate smoothing function and smooth initial data,

the only important error will be that due to the redistribution process. To estimate

this error, we first define the local error in the Fourier transform at time-level n to

be the difference between the redistribution solution and the exactly diffused solution

from the previous time-step:

ǫ̂n ≡ ω̂n+1 − ω̂ne−k2ν∆t . (5.5)

By repeated application of this definition, the error in the Fourier transform due to

redistribution can be bounded by

|ω̂n − ω̂0e−k2νt| ≤ ǫ̂

k2h2
v

(
1 + k2h2

v

)
, (5.6)

where hv =
√
ν∆t and ǫ̂ = maxn−1

i=0 {|ǫ̂i|}.
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To estimate ǫ̂, recall from chapter 4 that the redistribution equations (4.8) and

following ensure vanishing of the first few powers of ∆t in the error in (5.5). The

Taylor series remainder theorem can be used to express the remaining difference ǫ̂n.

That expression is shown in Appendix A; it can be bounded as

ǫ̂ ≤ |φ̂(kδ)|max
n

(ΓnF n)RM+2(khv)
M+2(1 + k2h2

v) , (5.7)

F n = max
i

∑

j

|fn
ij| , Γn =

∑

i

|Γn
i | . (5.8)

For the assumed positivity of the redistribution fractions (4.13), F n = 1 and Γn

cannot increase. Thus the total error in the Fourier transform is bounded by

|ω̂n − ω̂0e−k2νt| ≤ |φ̂(kδ)|4Γ0RM+2 min{(khv)
M , 1} , (5.9)

where the second bound comes from the bound |φδ|Γn to (5.1).

In this work, we will assume that Γ0, the absolute circulation of the discretized

initial data, is finite. Note that this is a restriction on the l1 norm of the initial discrete

vortex strengths, rather than on the L2 norm of the initial vorticity distribution.

However, the Cauchy inequality applied to

∑

i

h|ωi|(1 + x2
i + y2

i )
(1+α)/2 · h(1 + x2

i + y2
i )

−(1+α)/2 , (5.10)

with α an arbitrary positive constant, readily shows that Γ can be bounded in terms

of the L2 norms of the initial vorticity and aliasing error provided that the initial

vorticity is restricted to a finite region or at least decays sufficiently rapidly at large

distances. For example, it would suffice that ω0 = O(x−2−α) for x → ∞ for some

α > 0.

The final L2 error in the vorticity is found from square integration of (5.9) over

all wavenumbers. Thus the error due to redistribution is found to be:

‖ω̂n − ω̂0e−k2νt‖ ≤ CΓ0RM+2 hM
v

δM+1
, C = 4

(
2π
∫ ∞

0
|φ̂(k)|2k2M+1dk

)1/2

. (5.11)
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To minimize this error, a relatively large core size is desirable. If we take the core

size proportional to some small power α of hv, the error will be O(hM−α(M+1)
v ). Since

we can take α as any positive number, we can obtain any order of accuracy arbitrarily

close to O(hM
v ). Note however that for a core with a finite order of accuracy, the first

error in (5.3), due to discretizing the initial data, limits the maximum size of δ. We

will discuss using a smoothing function to evaluate the vorticity further in the next

chapter.

This completes the discussion of convergence for the Stokes equations. It is in-

teresting to note that the true stability conditions are that F n and Γn are bounded.

Next we need to address how to find the redistribution fractions fn
ij in an actual ap-

plication of the scheme. We will address this in the next chapter on the numerical

implementation of the convection and diffusion steps described in section 3.2.



CHAPTER 6

NUMERICAL IMPLEMENTATION

In this chapter we describe the numerical implementation of the convection step

(3.18, 3.19) in section 6.1; and then the implementation of diffusion (3.20, 3.21)

using the new vorticity redistribution method in section 6.2. Finally, the numerical

implementation of the no-slip boundary condition (2.5) on solid surfaces is described

in 6.3.

6.1 Numerical implementation of convection

As discussed in section 3.2, the convection is modeled by moving the vortices

according to the equation

d

dt
~xi(t) =

∑

j

Γj
~Kδ(~xi(t); ~xj(t)) , (6.1)

where Γj is the circulation of vortex j, ~xi is the position of the vortex i at time t, and

Γj
~Kδ(~x; ~xj) the velocity field of the vortex j alone.

To integrate (6.1), we used the fourth order Runge-Kutta time stepping scheme

proposed by Blum [27].

Unfortunately, the cost of computing the velocity of all the vortices using the

summation (6.1) is proportional to O(N2), where N is the number of vortices. Such

computational effort would be unrealistic for flows where significant small-scale mo-

tion requires a fine vortex spacing, in other words, large N .

To solve this dilemma, ‘fast’ algorithms were developed by, among others, Green-

gard and Rokhlin [97] and Carrier et al. [36], and independently by Van Dommelen
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and Rundensteiner [233, 240]. For the computations in this work the latter of these

three schemes was used; it seems to have been the first available scheme that was so-

lution adaptive [240], but it can be noticeably slower than the first two schemes. For

all these schemes, the required amount of work is roughly proportional to N . More

recent variations have been proposed by a number of authors, such as [2, 5, 10, 74, 75].

As explained in section 3.1, the velocity field ~Kδ of a vortex is obtained by con-

volving the velocity field ~K of a point vortex with a smoothing function φδ(~x) which

is usually taken to be of the form

φδ(~x) =
1

δ2
φ

(
~x

δ

)

, (6.2)

with φ(~x) an axisymmetric function that integrates to unity. Hence, to obtain ~Kδ

in (6.1) a smoothing function φ(~x) must be chosen. Based on procedures for the

random walk computations [213, 231, 237], a low-order algebraic smoothing function

was chosen of form

φ(~x) =
1

π

1

(1 + |~x|2)2 . (6.3)

This smoothing function falls in a class discussed by Hald [106] for the Euler equa-

tions. A relatively small core size δ =
√

0.5ν∆t was used, as is common in practical

applications; see Goodman, Hou, & Lowengrub [91].

6.2 Numerical implementation of diffusion

In this section we describe the numerical implementation of the new redistribution

method formulated in section 4.1. Basically, the redistribution method is a matter

of finding the fractions fn
ij from the system of linear equations (4.8) and following,

and redistributing the circulation of the each vortex according to these fractions.

Assuming that valid fractions fn
ij exist, they are found using linear programming
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techniques, as explained in subsections 6.2.1 and 6.2.2 below. However, it is possible

that no valid fractions exist using the available vortices in a neighborhood. In that

case, we create new vortices until there is a solution, see subsection 6.2.3. Further,

due to convection effects, some vortices may move sufficiently close to another vortex

that they are no longer useful for computational purposes. In subsection 6.2.4, we

discuss how to remove those vortices. Also, near the edges of a diffusing region, the

vorticity is exponentially small. To avoid excessive vortices, some cut-off strength is

needed below which vortices are ignored. However, choosing this cut-off can be quite

tricky, as we will explain in subsection 6.2.5. Finally, in subsection 6.2.6 we discuss

evaluating the vorticity to compare with analytical solutions and other numerical

computations in the literature.

6.2.1 Finding the redistribution amounts

The key to the redistribution method is to find a positive solution to the system

of linear equations (4.8) and following for the redistribution fractions fn
ij. The system

is linear, but usually not square: the number of unknown fractions fn
ij is the number

of vortices in the neighborhood, while the number of equations is determined by

the order of accuracy M desired. In this subsection we will discuss our strategy for

obtaining a positive solution for the fn
ij, assuming that one exists. The question what

to do if no positive solution exists will be addressed in subsection 6.2.3.

The problem of finding a nonnegative solution to an underdetermined system of

equations is the standard ‘phase I’ problem in linear programming that can be solved

by slack variables. However, following Van Dommelen [235] we will use a different

approach. First, we note that the fractions fn
ij must be in the range [0,1]. We may

shift the origin to the center of that range, by defining

wj ≡ fn
ij − 1

2
, (6.4)
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where the additional dependence of wj on the vortex i and the time-step n is to be

understood. In terms of the wj, a solution is acceptable if the maximum norm of the

solution vector, ‖~w‖∞ ≡ maxj{|wj|} is less than or equal to 1
2
.

Our approach is to find the solution for ~w with the least maximum norm. If the

maximum norm is less than or equal to 1
2
, an acceptable solution has been found. On

the other hand, if the maximum norm exceeds 1
2
, it must mean that no acceptable

solution exists. In that case we create more vortices as described in subsection 6.2.3.

The least maximum solution algorithm used in our computations is described in

the next subsection. We did do some comparative testing of this algorithm against

a standard library routine (IMSL) for the phase I linear programming problem. We

found that the number of iterations in the methods was about equal, but that the

library routine ran about two times more slowly, possibly due to the extensive safe-

guards in its implementation. It appears that computational speed is not an impor-

tant consideration in selecting the method.

However, the least maximum procedure will create a strictly positive solution if one

exists, while the linear programming method for the phase I problem will select the

minimum number of vortices for the redistribution. As a result, the least maximum

procedure tends to spread out the vorticity somewhat better.

In this study, the least maximum problem is solved from scratch for each vortex

at each time-step (even for the Stokes flow in which a single solution could have

been used for all time-steps). This is a very inefficient approach, since the systems

are almost unchanged from one time-step to the next. The relative locations of the

vortices in the neighborhood change only by an amount O(h3
v) during a time-step.

This means that a single solution can be used over an asymptotically large number

of time-steps. Additionally, in our time splitting we perform two diffusion steps back

to back. We solve each from scratch although they are identical.
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The disadvantage of using a single solution over many time steps is that some

information has to be stored from one time-step to the next. For example, the frac-

tions fn
ij could be stored and updated at each time-step until one turns negative, at

which time the system could again be solved from scratch. Alternately, we could

merely store the information what fractions have magnitude less than the maximum

norm. This is sufficient information to solve a least maximum problem quickly. In

any case, our computational times for the redistribution method can presumably still

be improved significantly.

We did use one shortcut in our procedure. As a preconditioning to finding the least

maximum solution, we performed a Gram-Schmidt orthogonalization on the rows of

the system. This orthogonalization directly determines the least length solution, and

we found that in about 60% of the cases, the least length solution was positive. Thus

we could skip the determination of the least maximum solution in the majority of

cases.

There are also tests that could be performed to decide a priori that a system has

no acceptable solution: according to estimates given in Appendix A, there must be

at least one neighborhood vortex at a distance of more than
√

4ν∆t, the maximum

horizontal and vertical distances should be at least
√

2ν∆t, and at least 4
√
ν∆t/(R+

√
R2 + 8) in any direction. For third-order accuracy or higher, there should be at

least one vortex within a distance
√

8ν∆t.

6.2.2 Least maximum solution procedure

The strategy for finding a redistribution solution was formulated in the previous

subsection 6.2.1; it reduces to the standard mathematical problem of finding the least

maximum norm solution to a linear system of equations. Van Dommelen [235] used an

ad hoc procedure to solve this problem [236]. However, in this thesis we have adopted

a scheme developed by Abdelmalek [1]. This choice was based on some numerical

experiments that showed that the method below usually takes less computational
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time. The procedure of Van Dommelen tends to be somewhat more robust on poorly

conditioned systems, but we have adopted a Gram-Schmidt orthogonalization of the

rows of the matrix as a standard preconditioning.

We do point out that the procedure of Van Dommelen has the following advan-

tages: (a) it allows the iterations to be terminated early: even without convergence,

the solution might satisfy the positivity condition; (b) the method provides a lower

bound on the least maximum that might be used to predict early that a system does

not have an acceptable solution; and (c) it might be extended to allow the solution at

the previous time-step to be used as a starting point of the iterations. More research

is needed, but the procedure below was found to be reliable and converged well.

Our starting point is the linear system of equations

A~w = ~b , (6.5)

obtained from the redistribution system (4.8) and following by shifting the unknown

fractions according to (6.4) and orthogonalizing the rows. We now want to find the

least maximum solution to this problem.

The problem of finding a least maximum solution to a general linear system may

be formulated as a linear programming problem. This is achieved by considering the

maximum norm ‖~w‖∞ as another unknown. Casting equalities as the two inequalities

≥ and ≤, this yields:





A ~0

I ~1

−A ~0

−I ~1








~w

‖~w‖∞



 ≥





~b

~0

−~b
~0





, (6.6)

where ~0 and ~1 indicate vectors of zeros and ones. The objective function to minimize

is the maximum norm ‖~w‖∞.
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Abdelmalek [1] points out that there are advantages to solving the dual problem.

The dual maximizes
(
~bT ~0T −~bT ~0T

)
~y (6.7)

subject to the constraints




AT I −AT −I
~0T ~1T ~0T ~1T



 ~y =




~0

1



 , (6.8)

~y ≥ 0. (6.9)

The advantage is that an initial feasible solution is easy to find, so that no slack

variables are needed. Further, due to the special structure of the matrix, the only

storage needed is for the original matrix and a few vectors. This also reduces the

work required to find the optimal solution.

The simplex method [82] requires a number of different tolerances to be specified

a priori. We followed the recommendations of Clasen [62]. Convergence occurred

typically within about 12 vertex interchanges in the simplex method.

6.2.3 Adding vortices

The numerical technique of the previous two subsections 6.2.1 and 6.2.2 will find

a positive solution to the redistribution equations as long as one exists. A solution

does not necessarily exist, however. In that case, new vortices with zero circulation

are added until a positive solution does become possible.

There are various reasons why a solution may not exist. For example, the number

of vortices in the neighborhood may be less than the chosen number of redistribu-

tion equations. First-order accuracy requires at least six vortices, and this number

increases for higher order.

Further the neighborhood radius may be too small for the desired order of accuracy

M . According to an estimate derived in Appendix A, the scaled neighborhood radius
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R must be at least
√

2Me, with Me the even integer M or M +1. For first or second-

order accuracy, this requires a minimum value R = 2. For third-order accuracy or

higher, the vortices should also not be spaced too far apart; the scaled spacing cannot

exceed
√

8

At the outer edge of the region containing the vortices, a solution always requires

new vortices. According to an estimate derived in Appendix A, the vortex region

must expand by a finite scaled distance in each direction.

On the other hand, under reasonable conditions positive solutions to the redistri-

bution equations do exist. For example, a standard five-point explicit finite difference

formula with ∆x = ∆y = R gives a second-order positive solution as long as R is at

least the minimum value 2 mentioned above. Similarly a fourth-order solution exists

if R is at least
√

8, Appendix A.

More generally, there is always a finite scaled neighborhood radius R for which

the existence of a positive solution is assured, provided only that are no ‘holes’ in the

distribution of the vortices that exceed some finite scaled size d. This is shown in

Appendix A; however, it does not give values for R and d.

In our first-order computations, we chose the redistribution radiusR =
√

12, which

is well above the minimum value 2 for which a positive solution becomes possible.

The reason is that the minimum value requires vortices placed at optimum positions.

For a larger radius, a positive solution may be found for more general vortex placings.

One question of concern is where to place newly created vortices. Van Dommelen

[235] showed in one dimension that if the computation starts with a single vortex

and new vortices are added at scaled distances
√

6, the fourth-order accurate finite

difference scheme is obtained. Based on this observation, we adopted the strategy

that if no positive solution can be found for a certain vortex, a new vortex is added

at a scaled distance
√

6 from the considered vortex. The angular location of the new
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vortex is chosen among 12 possible positions spaced 30 degrees apart, by maximizing

the distance between the new vortex and the existing vortices.

This procedure worked well in practice, but it is certainly not unique. For example,

Van Dommelen showed that the new vortices may also be placed at random positions

without apparent ill effects. However, our procedure has some advantages. It will

always succeed: a positive solution is assured as soon as the points of a five-point finite

difference stencil have been filled. It also tends to fill up the holes in the distribution

of the vortices. Since the newly added vortices are located away from the edge of the

redistribution region, it takes a finite time before they can convect out of it.

Figure 6.1 shows the increase in the number of vortices for an example computa-

tion. The computation is the Stokes flow starting from two concentrated, counter-

rotating vortices. It is found that our strategy of placing new vortices increases the

vortex density initially until it fills up the ‘holes’ in the distribution. When a certain

vortex density is reached, the distribution becomes steady. For example, the region

shown for the final time in figure 6.1 is unchanged at double that time.

As shown in figure 6.2, the total number of vortices in the computation does

continue to grow. The reason is that new vortices continue to be added at the edge

of the distribution. In fact, since the region containing vorticity continues to grow

linearly with time, ideally the number of vortices should also grow linearly.

However, it was noted above that redistribution must expand the region containing

the vortices by a scaled distance that does not depend on time. This would lead to

a number of vortices that grows quadratically with time. It would lead to large

amounts of vortices with exponentially small strengths at large distances. To prevent

this growth, we do not redistribute a vortex if its strength is below a small “cut-

off” value. Using this restriction, figure 6.2 shows that the growth in the number of

vortices is indeed quite linear. Yet one discovery made in this thesis is that the effect
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of a cut-off that is not small enough can be disastrous under certain circumstances.

This is discussed in subsection 6.2.5.

Convection introduces a further complication. Even if a vortex can be redis-

tributed at a given time, after a finite time convection can move the vortices to

locations for which a positive solution may no longer exist. In that case new vortices

must be added. This can happen even though incompressibility ensures that the av-

erage vortex density does not change. The reason is that vortices might approach

closely, which allows holes in the vortex distribution to form even though in principle

there are enough vortices to fill those.

As an example, figure 6.3 shows the evolution of the vortex distribution at

Reynolds number 50, when there are very strong convection effects. While we always

add new vortices in the biggest hole we can find locally, it is seen that convection

has caused some vortices to approach closely. As a result, the number of vortices in

a typical redistribution radius, shown as a circle, has increased compared to the case

of no convection in figure 6.1. Figure 6.2 shows the increase in the total number of

vortices with Reynolds number.

The additional vortices require increased computational resources. It also raises

the more fundamental question whether the number of vortices within a redistribution

distance remains finite. This requires a total number of vortices that increases linearly

with the inverse of the time-step. Table 6.1 verifies this requirement at Reynolds

number 50.

In the next subsection we will discuss ways to reduce the additional vortices caused

by convection effects.

6.2.4 Merging vortices

For many practical applications, high Reynolds numbers are of most interest.

For such applications it would be desirable that the number of vortices within a

redistribution radius remains finite in the limit of infinite Reynolds number. However,
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Table 6.1: Total number of vortices at Reynolds number 50.

Decay of a vortex pair

Time Number of

step vortices

0.004 2669

0.002 5307

0.001 10414

it is evident from figures 6.2 and 6.3 that the number of vortices increases without

apparent bound when the Reynolds number is increased. One reason is the use of

a scaled viscous time in figure 6.2; for a constant physical time the total number of

vortices decays with the Reynolds number.

Yet even at a constant time, the average number of vortices in a redistribution

radius still increases with the Reynolds number. The reason seems to be that fluid

straining is particularly strong for this flow; there is no bound on the magnitude of

the velocity at any given time when the Reynolds number increases. It is however de-

sirable to prevent a significant increase in number of vortices under all circumstances,

since it results in loss of numerical efficiency. We can achieve this by simply merging

vortices which move very close to eachother together.

In the circular cylinder computations [202, 203, 204] presented in chapter 8, we

replaced vortices of the same sign that moved very close together by a single combined

vortex at their center of vorticity. In this procedure, the net circulation and the center

of vorticity of the vortices are preserved. In our actual implementation, once every

six time steps we searched for and combined vortices that are located within a mutual

distance of
√

0.5ν∆t. On average this reduced the number of vortices by about 1.5%
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each time. Using this procedure, we did not experience a significant increase in scaled

vortex density with Reynolds number.

It should be emphasized that condensing nearby vortices into single vortices is

not the same as the need to regenerate the mesh in particle methods. First, the only

purpose here is merely to increase numerical efficiency, not to maintain accuracy. Our

computation can continue without it, although at lower efficiency. Second, there is

no need to produce a new ordering, or association, of the computational points; there

is no repartitioning of the domain; there is no quadrature rule to update. We simply

give one vortex the combined strength and location, and drop the other vortex from

the further computation.

It is even possible to incorporate this condensation directly into the redistribution

process itself. For a vortex located close to another vortex, we might simply try to find

a solution to the redistribution equations that does not involve the vortex itself. The

vortex then loses all its circulation and can be removed. The redistribution fractions

could be required to be positive as before, or a less restrictive condition might be

imposed to remove even more vortices. In particular, the convergence analysis for

Stokes flow in chapter 5 would not be affected if the fractions were merely bounded

in the l1 norm and the circulation was allowed to grow by a relative amount O(∆t).

More research is needed to settle these points.

Next we discuss the “cut-off” circulation mentioned in subsection 6.2.3.

6.2.5 Cut-off circulation

As mentioned in subsection 6.2.3, the edges of expanding vorticity distributions

are characterized by exponentially small vorticity. Without special care, this would

lead to large amounts of computational vortices of extremely small strengths, severely

affecting the computational efficiency. To avoid this, some minimum or “cut-off”

vortex strength is chosen; below this strength no new vortices are created. To be

precise, in our computations we do not diffuse the vortices if the absolute value of



59

their circulation falls below a chosen cut-off value ǫΓ. For the computations of the

counter-rotating vortex pair of figures 6.1 through 6.3 we set ǫΓ to the machine epsilon.

Figure 6.2 shows that with this cut-off, the growth of the number of vortices is roughly

linear in time. This indicates that the cut-off works well, since for this flow the true

area containing vorticity also grows roughly linear in time. Mesh refinements and

comparisons with other data in sections 7.1 and 7.2 indicate that the computational

accuracy is not affected by the cut-off.

The use of a cut-off circulation amounts to neglecting the exponentially small

vorticity field at the outer edges of the region of vorticity; as a result, the exponentially

small rotational velocity field induced by that small vorticity fields is also neglected.

Before this study, it was generally felt that ignoring such exponentially small

contributions will not affect the solution. For example, for classical boundary layer

problems, the exponentially small velocity above the boundary layer does not have to

be computed accurately. For such computations, it suffices to simply set the vorticity

zero at some position some distance above the boundary layer or to ensure that the

velocity remains finite above the boundary layer through some other means.

However, Van Dommelen & Shen [239] made the surprising discovery that this is

not necessarily true for the long time behaviour of unsteady boundary layers. They

studied the unsteady boundary layer development near stagnation points at the rear

of smooth bodies such as circular cylinders. This problem was earlier investigated

by Proudman & Johnson [177]; however, these authors found that they could not

obtain a unique solution for the long time problem without some ad hoc assumptions

which turned out to be only qualitatively correct. Robins & Howarth [183] took

the expansions of Proudman & Johnson to higher order, but could not remove the

indeterminacy. P. G. Williams [246] further noted that his numerical results did not

seem to agree with the predictions of Robins & Howarth. Van Dommelen & Shen [239]

discovered that the reason was that the long time solution is completely determined by
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growth of the exponentially small velocities above the boundary layer; these velocities

were ignored in the asymptotic expansions of Proudman & Johnson and Robins &

Howarth. Van Dommelen & Shen [239] noted in their conclusion that this must be

a concern in numerical schemes: setting the exponentially small velocities to zero is

equivalent to eliminating the very information that determines the solution for later

times.

Although subsequent computations for flows such as the impulsively translated

circular cylinder ignored the work of Van Dommelen & Shen [239] on the rear stag-

nation point, (as it did their work on the separation singularity), our computations

in section 8.2 do show a significant dependence of the results on the cut-off value ǫΓ.

Furthermore, we will present indications that other authors have in fact experienced

computational problems because of values of ǫΓ that were too optimistic.

In the next subsection we will discuss how our computation evaluates the vorticity

at arbitrary points.

6.2.6 Evaluation of the vorticity

As was discussed in section 4.1, in the redistribution method the diffusion of

vorticity is achieved by changing the strengths Γn
i of the vortices. Unlike some other

methods, the continuous vorticity field

ω(~x, t) =
∑

i

Γi φδ(~x− ~xi(t)) , (6.10)

is not differentiated or even evaluated during diffusion. The equations 4.8 governing

diffusion are completely independent of the “vortex core shape” φδ in the representa-

tion of the vorticity field above. Thus the vortex core φδ does not appear in the actual

computation. To be precise, while the diffusion process is independent of the vortex

core, the implementation of convection of section 6.1 still requires one. Our choice

(6.2), (6.3) for the core shape φδ has a relatively low second order accuracy [106],

but it is everywhere positive. The reason we chose this function is that unsteady
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separating flows at large Reynolds numbers involve short scale vorticity features that

can be lost by large core sizes. This makes a small core size desirable regardless of the

order of accuracy of the core. For a small core size, a relatively low order of accuracy

can be sufficient; and other considerations may be more important. In particular,

positive second order cores such as the one we used have the advantage that they

cannot introduce false vorticity of opposite sign.

Another place we use the vortex core is when we need to evaluate pointwise

vorticity values for output purposes. In this case the considerations for the choice of

the most desirable core are somewhat different. For maximum visual smoothness, a

large core is desirable, since a large core gives the greatest reduction in short wave

errors. These short wave errors are further also much more pronounced in the vorticity

field than in the velocity evaluation during convection. On the other hand, there is

much less risk that a larger core would smooth small features, since the actual solution

is now known, and the effect of core size can be determined experimentally without

repeating any of the computation. Further, even if there would be some loss of

information about the shorter wave lengths in the output for the vorticity, this loss

does not affect the further computation. Such considerations suggest the use of a

second core different from the one used for convection to do the output. In fact, there

is no good reason why the two cores would need to be the same. So, for evaluation

of the vorticity, we choose a second core with a high order of accuracy, since these

can be larger for a given accuracy. Thus, for the computations of flows in free space

in sections 7.1 and 7.2, we choose our second smoothing function to be a relatively

large but infinite-order core

φδ(~x) =
1

δ2
φ

(
~x

δ

)

, (6.11)

in which

φ(~x) =
1

2π

J1(|~x|)
|~x| , (6.12)
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where J1 is the Bessel function of the first kind of order one. This smoothing function

was first proposed by Leonard [126].

As shown in section 7.2, the results are not very sensitive to the precise choice of

either of our core shapes. In most computations in this thesis, as in [201], a core size

δ of 2.4
√
ν∆t to 3.5

√
ν∆t was used, where ν is the kinematic viscosity and ∆t is the

time step.

Near boundaries, the determination of the pointwise vorticity field runs into diffi-

culties, since the vorticity field beyond the boundary is unknown. In order to compute

the correct vorticity near a boundary, the vorticity field must be extrapolated into

the boundary in some way.

For our computations of flows around circular cylinders of unit radius in chapter

8, we extrapolated the vorticity into the cylinder by mirroring every vortex into the

cylinder to a radial position that is the inverse of the radial position of the original

vortex. Further, we changed the strengths of the thus mirrored vortices so that

a constant vorticity level outside the cylinder would be extrapolated into a constant

vorticity level within the cylinder. It is easily seen that this requires that the strength

of each mirrored vortex is reduced by a factor equal to the radial position of the vortex

to the power four.

Using this procedure, vorticity fields that are about constant near the wall can

be evaluated without difficulty. However, if there are appreciable gradients, they will

affect the evaluation of the vorticity. This is evident in our computations of the flow

about a cylinder in rotational oscillations in figure 8.2. As expected, our procedure

produces a local average of the vorticity near the wall, rather than a pointwise vorticity

value at the wall.

To remove such errors would require that the vorticity field is linearly extrapolated

into the cylinder, rather than as a constant. This would require some additional

coding effort, but does not seem particularly difficult from a fundamental point of
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view. For a cylinder in steady rotation, figure 8.1 the vorticity flux vanishes at the

wall and the error in our simple procedure is much smaller.

One additional modification needed near solid walls concerns the smoothing func-

tion. The smoothing function (6.11) decays too slowly at large distances to be useful

for flows with solid boundaries; for these flows the vorticity can only be extrapolated

a small distance into the boundary. Instead, for the flows over circular cylinders in

chapter 8 we chose φ to be a fourth-order Gaussian of form [17],

φ(~x) =
1

π

(
2 e−|~x|2 − 1

2
e−2|~x|2

)
. (6.13)

In these computations a core size δ = 3.5
√
ν∆t was used.

A final smoothing function was used to evaluate the vorticity in three-dimensional

flows in free space in section 7.3. For two-dimensional flows in free space in sections

7.1 and 7.2, Leonard’s infinite order smoothing function (6.12) above gives excellent

results. In three dimensions, the equivalent infinite order smoothing function is

φ(~x) =
1

(2π)3/2

J 3

2

(|~x|)
|~x|3/2

, (6.14)

where J 3

2

is the fractional order Bessel function of the first kind of order 3
2
. However,

this function decays too slowly at large distances to be useful: even constant vorticity

fields cannot be represented by it. The reason for the slow decay of the smoothing

function (6.14) is its Fourier transform, which is shown as a dotted line in figure

6.4(a). It is unity for wave number k less than one and vanishes for larger k. The

resulting discontinuity causes the slow decay of the smoothing function itself. To

obtain faster decay, we must smooth the discontinuity. We choose:

φ̂(k) =
1

e2(k2−k−2) + 1
, (6.15)

where k is the wave number in the radial direction. This produces an infinite or-

der smoothing function that also decays exponentially at large distance. Since this
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core cannot readily be evaluated in physical space, we approximated it by a spline

interpolant (figure 6.4b).

To apply the numerical implementation discussed so far to flows over solid walls

we need to address the numerical handling of the boundary condition on solid walls;

we will describe that in the next section.

6.3 Boundary condition

In this section we will describe the numerical implementation of the boundary

condition on a solid impermeable wall (2.5),

~u(~s, t) = ~us(~s, t) , (6.16)

where ~s is any point on the solid wall, ~u is the velocity of the fluid, and ~us is the

prescribed velocity of the solid wall.

The above boundary condition (6.16) is a vectorial condition and it is equivalent

to two conditions, namely, the normal and tangential components of the fluid velocity

on the solid wall must be the same as those of the wall:

Normal condition:

~u(~s, t) · n̂ = ~us(~s, t) · n̂ , (6.17)

Tangential condition:

~u(~s, t) × n̂ = ~us(~s, t) × n̂ , (6.18)

where n̂ is the unit vector normal to the solid wall; the tangential condition (6.18) is

also known as the no-slip condition [14].
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One possible way of satisfying the normal condition (6.17) is by first evaluating

the velocity induced by the vorticity field according to the free space Biot-Savart law

(2.16). We will denote this velocity by ~uω. Next we add to this an irrotational velocity

~uΦ chosen to satisfy the normal flow boundary condition. This potential flow velocity

can be obtained from a scalar function Φ [14, 129],

~uΦ ≡ ∇Φ (6.19)

∇2Φ = 0 (6.20)

∇Φ(~s, t) · n̂ = (~us(~s, t) − ~uω(~s, t)) · n̂ . (6.21)

In an unbounded domain, the potential flow should also provide the correct velocity

at large distances from the body.

However, in our computations of flows over circular cylinders discussed in section

8.2, we followed a different procedure. In our work, ~uΦ was obtained from the sum of

the potential flow velocity due to uniform translation of the cylinder and the potential

flow velocity due to so called “image vortices” inside the cylinder [156, 245].

The tangential boundary condition is somewhat more complicated. The velocity

field produced by the vorticity and normal boundary condition produces a velocity

~u(~s, t) of the fluid at the wall equal to

~u(~s, t) = ~uω(~s, t) + ~uΦ(~s, t) . (6.22)

The tangential velocity difference (~us(~s, t) − ~u(~s, t)) × n̂ is called the slip velocity

[129].

Assuming that the slip velocity is zero at some given time, it will no longer be so

at the end of the time step after we have convected the vortices and diffused them.

One reason is that it is impossible to satisfy the no-slip boundary condition during

the convection step. Also, since the no-slip boundary condition is on the velocity and

not on the vorticity, there is no simple way to satisfy this boundary condition during
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our diffusion procedure. Instead, during our diffusion step we satisfy an approximate

zero vorticity flux boundary condition, which is easy to accomplish by “mirroring”

the vortices into image vortices inside the wall.

The erroneous boundary conditions during the time step will produce an additional

“Stokes layer” of typical thickness O(
√
ν∆t) compared to the solution with the true

no-slip boundary condition.

We remove this erroneous Stokes layer at the end of the time step by adjusting

the vortex strengths near the wall to satisfy no-slip. Of course, the detailed profile

of the Stokes layer is unknown, but since its thickness is of the order of the smallest

scale in our computation, this is not important. Its net vortex strength is known;

since the layer is thin, it equals the slip velocity at the end of the time step.

Note, however, that the evaluation of the slip velocity is a somewhat tricky proce-

dure. The velocity will fluctuate strongly due to local perturbations induced by the

vortices immediately adjacent to the wall. Our solution to this problem is simple:

since the thickness of the Stokes layer is our smallest resolved size, we can to the

accuracy of our computation replace it by a regularly spaced string of vortices along

the wall. The strength of this string of vortices is then constantly updated such that

the no-slip boundary condition remains satisfied. To do so, we simply remove all

vortices in the Stokes layer, evaluate the resulting slip, and add the string of vortices

back in, with a strength given by the found local slip. More precisely, the strength of

each vortex in this string is found by integrating the slip velocity over its segment of

the wall.

In our numerical implementation, we chose a string of vortices at a distance of
√

0.5 ν∆t from the wall. Note that if the error in wall velocity would be a constant

during the time step, it would lead to a classical Stokes layer with in a mean diffu-

sion distance 0.96
√
ν∆t. For the more reasonable assumption that the error in wall
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velocity increases linearly across the time step, it would produce a Stokes layer with

a mean diffusion distance of 0.57
√
ν∆t.

This procedure was used earlier by Van Dommelen [237] and Wang [245] in random

walk computations and is quite robust. Suppose that the overall vorticity level in the

boundary layer is too low by a finite fraction, then we would compute a finite slip

velocity. Across the thin strip at the wall represented by the string of vortices, this

would produce a string of very strong vortices which would lead to a very large

vorticity flux into the remaining boundary layer. This flux would quickly restore the

vorticity level in the boundary layer to the correct strength.

Note that this argument does not depend critically on the parameters used, al-

though the vorticity flux out of our string must of course be of the correct general

order of magnitude. Further, in our implementation the actual strengths of the string

vortices have little effect on the rest of the computation since their velocity field is

almost completely canceled by the very close by image vortices within the wall.

Also, stability is enhanced by the fact that we do not just update the strengths

of the vortices, but instead create a new string of vortices after first removing all

vortices from the strip at the wall. This increases stability since short-scale streamwise

fluctuations that might exist in the boundary layer die out across the empty potential

flow strip and have little effect on our numerical determination of the slip velocity.

We chose the spacing of the vortices in the string to be
√

6 ν∆t, which is the

same distance at which we place newly added vortices in our redistribution method

(subsection 6.2.3).

The implementation of no-slip condition described above is admittedly a heuristic

approach. However, it is simple to apply and gives accurate results as shown in chapter

8. Our computational results are in excellent agreement with analytical solutions of

Van Dommelen & Shankar (unpublished), and recent higher order (fourth-order in
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space and time) finite difference solutions of Anderson & Reider [3] and spectral

element solutions of Kruse & Fischer [120].

6.4 Summary

As described in section 6.1, the convection of the vortices can be handled nu-

merically using a mesh-free algorithm. The diffusion of the vortices can now also be

handled in a mesh-free manner using our new method as described in section 6.2. The

simple numerical implementation of the no-slip boundary condition on solid walls was

described in section 6.3. In the following two chapters we will present the results of

the numerical implementations discussed.



CHAPTER 7

COMPUTATION OF FLOWS IN FREE SPACE

In this chapter we apply the vorticity redistribution method to several flows in

free space. We present numerical results for the two-dimensional flow due to the

diffusion of a single point vortex in section 7.1 and due to the diffusion of a pair of

counter-rotating point vortices in section 7.2. In section 7.3 we present results for two

simple Stokes flows in three-dimensional free space: the flow due to a pair of vortex

poles and the flow due to a vortex ring.

7.1 Point vortex

In this section we study the flow due to a two-dimensional point vortex in free

space. We will first present the governing equations of the flow in subsection 7.1.1.

The numerical results to validate the performance of the redistribution method are

presented next in subsection 7.1.2.

7.1.1 Governing equations

The flow studied here is that due to a diffusing point vortex of strength Γ̄. We

will normalize this problem by means of Γ̄/2π and an arbitrary characteristic length

ℓ̄. We take the Reynolds number of the flow correspondingly as Re = Γ̄/2πν̄. Thus

normalized, the problem is governed by the nondimensional vorticity equation

ωτ = ωxx + ωyy −Re(uωx + vωy) , (7.1)

where τ is a diffusion time defined as τ = t/Re.
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The initial condition is

ω(x, y, 0) = 2πδ(x, y) , (7.2)

where δ(x, y) is the two-dimensional delta function.

The velocity follows from the Biot-Savart law [14], or equivalently from the stream

function ψ:

∇2ψ = −ω u = ψy v = −ψx . (7.3)

Note that the problem is independent of the length scale ℓ̄, since the Reynolds

number is. The only relevant length scale is the computational vortex spacing as

compared to the diffusion distance
√

4 ν t. Our computation will therefore proceed

from initial stages with no numerical resolution at all to later stages of increasing

resolution. Despite the lack of resolution in the early stages, our computation turns

out to be accurate (see section 9.1 for related theoretical results).

7.1.2 Vorticity field

The chosen problem is a good test case since an exact solution exists: its form is

same as that of a diffusing point heat source governed by the heat equation. Oseen

[122] pointed out that this provides a solution not just to the linear Stokes equations

for Re = 0, but also to the nonlinear Navier-Stokes equations (7.1) through (7.3) for

Re 6= 0. The reason is that the convection terms at the end of (7.1) vanish identically

for this flow: the streamlines are circular and coincide with the direction of constant

vorticity. But, while convection is trivial for the exact solution, it is not for the

discretized solution: the discretization produces noncircular streamlines as well as

other numerical errors.

We will present numerical results for Reynolds numbers of 0, 10, 50 and 100.

Because of data available in literature, we computed the range 0 ≤ τ ≤ 0.3. Note

that the maximum value of τ by itself is of no relevance to this flow since there is

no inherent length scale; the only important parameter is the maximum ratio of τ
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to the typical nondimensional area per computational point. We used a numerical

time step ∆τ = 0.002 and we also repeated all computations at ∆τ = 0.004 to verify

their accuracy. As explained in subsection 6.2.3, we performed redistribution over

a neighborhood of radius
√

12∆τ . Where no solution to the redistribution problem

could be found, we added new vortices at a distance
√

6∆τ . We used the vortex

core (6.3) of size δ =
√

0.5 ν∆t in integrating the convection processes, and the core

(6.12) of size δ = 2.4
√
ν∆t to δ = 3.5

√
ν∆t to evaluate pointwise vorticity values.

The computations were carried out in 32 bit precision on a VAX4000-300 computer

running VMS V6.0.

Other investigations of similar flows have focussed on the average square radius

of the vortex, r2 =
∑

i Γi(x
2
i + y2

i )/
∑

i Γi, which grows as 4τ . The redistribution

scheme reproduces this growth exactly due to (4.10), while in the absence of numerical

errors the vortex blob method preserves it during the convection step (3.18, 3.19).

Indeed figure 7.1 shows excellent agreement between the computed and exact values

of r2, indicating that the solution of the redistribution equations and the numerical

integration of convection are accurate. The relative error is of order 10−6.

According to the exact solution, circulation should be preserved; in our numerical

solutions it was preserved to six digits accuracy. Further, according to the exact

solution the mean vortex position should remain at the origin. In our numerical

results for the Stokes flow, it does so to an accuracy of 10−7. This error increases

to the order of 10−5 for higher Reynolds numbers in agreement with the chosen

truncation error in the fast velocity summation scheme [233]. It is clear from existing

studies such as [78, 79, 155, 182] that such accuracy could not be achieved using the

random walk method with the same number of vortices.

Despite the arbitrary locations of the vortices, it is possible to obtain accurate

pointwise vorticity values. For example, figure 7.2 compares the numerical vorticity

along a horizontal line with the exact solution. A close examination shows that since
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the infinite-order smoothing function is not entirely positive, it produces very small

negative vorticity at the tail end of the distribution. The maximum errors at τ =0.082

and 0.202 are 0.046 and 0.016 respectively, which amounts to 0.75% and 0.65% of the

maximum vorticity. Results such as those of Fogelson & Dillon [79] show clearly

that the random walk method cannot achieve such pointwise accuracy without an

excessive number of vortices.

Table 7.1 shows the number of vortices and computational times for the fast

summation and redistribution parts of the computation. It should be noted that the

time needed for convection is increased due to subdivision of the convective time-

step: since the flow starts from a concentrated vortex, during the first few time-steps

the vortices rotate rapidly about each other. To limit the corresponding numerical

errors, the early convection time steps were subdivided further. For example, at

Reynolds number 50, the first convection step was subdivided into 50 equal parts.

The subdivision was then decreased inversely proportional to the time-step number.

Since the number of vortices at early times is very small, the additional amount of

work is limited.

As discussed at the end of subsection 6.2.1, the diffusion time may be greatly

reduced for Stokes flow, and most likely also for other Reynolds numbers, by not

solving the redistribution equations from scratch each time-step. As discussed at the

end of subsection 6.2.3, the number of vortices at high Reynolds number may be

reduced by some form of regeneration of the vortex distribution. This was not done

here.

In any case, table 7.1 shows very clearly that the computational time for diffusion

is acceptable even using our simple initial approaches. To put this in perspective,

note that it requires 16 times more computational effort to resolve spatial scales that

are only smaller by a factor 2. In addition, we may note that our method resolves
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Table 7.1: Computational times for a point vortex at τ = 0.202 and ∆τ = 0.002.

Decay of a point vortex

Reynolds Number of Convection Diffusion

number vortices CPU secs CPU secs

0 2482 0 2363

10 2863 1723 2724

50 3896 3320 4216

smaller scales than competing vortex methods for the same number of vortices (see

section 9.1).

7.2 Counter-rotating vortex pair

In this section we study the flow due to two counter-rotating vortices in free

space. For this flow, convection is nontrivial even for the exact solution. We will first

present the governing equations of the flow in subsection 7.2.1. The numerical results

to validate the performance of the redistribution method are presented in subsection

7.2.2; we will compare the computed vorticity at small times with analytical solutions

Van Dommelen & Shankar [230]. We compare the long time numerical results with

analytical predictions in subsection 7.2.3.

7.2.1 Governing equations

The flow studied here starts from two counter-rotating point vortices. We use the

same nondimensionalization as for a single point vortex in subsection 7.1.1, but in

addition we now chose the characteristic length ℓ̄ as the distance between the initial
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point vortices. This leads again to the vorticity diffusion equation

ωτ = ωxx + ωyy −Re(uωx + vωy) . (7.4)

However, the initial condition is now:

ω(x, y, 0) = 2πδ(x− 1
2
, y) − 2πδ(x+ 1

2
, y) . (7.5)

This vortex system will drift in the direction normal to the line connecting the vortices.

Using our normalizations, the initial drift velocity will be unity (which explains our

choice of normalizations). The Reynolds number Re = Γ̄/2πν̄ can therefore also be

considered to be based on the initial drift velocity and the vortex spacing.

The velocity again follows from the Biot-Savart law [14], or equivalently from the

streamfunction ψ:

∇2ψ = −ω u = ψy v = −ψx . (7.6)

7.2.2 Vorticity field

The considered flow is a more severe test case than the one of section 7.1 since

convection is not trivial even for the exact solution. It also involves mutual cancel-

lation of negative and positive vorticity, which random walk computations do not

handle very well [235].

For the Stokes flow Re = 0, the exact solution exists: it is simply a superposi-

tion of two single diffusing vortices. Figure 7.3 shows the vorticity distribution along

the line connecting the initial point vortices. There is excellent agreement between

the exact solution and the computed vorticity. This is also evident from the com-

puted vorticity lines figure 7.4. As demonstrated by Van Dommelen [235], a standard

random walk approach would experience considerable difficulty with this flow since

vanishing vorticity is there approximated by roughly equal amounts of negative and

positive vortices of the initial strength.
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Unfortunately, for nonzero Reynolds number no exact analytical solution is avail-

able to show how well the nontrivial convection effects are represented. Instead, we

use the second order expansion derived by Van Dommelen & Shankar [230] which

is valid for sufficiently small times. To obtain high resolution for small times, we

performed the computations in this section at ∆τ = 0.00025.

Figure 7.5 shows vorticity contours for Reynolds number Re = 50 at two early

times. The dashed curves in this graph represent the first order solution given by a

simple superposition of single vortex solutions, while the solid curves include the next

order in the small time expansion developed by Van Dommelen & Shankar [230]. The

difference between the curves represents nontrivial convection effects. Since the two

curves are close together in figure 7.5(a), we expect the small time approximations

to be very accurate; hence the exact solution should be close to the solid curve.

Our computations do reproduce this expected curve closely. We consider this to be

excellent performance of both the small time expansion and our numerical scheme

(especially for a vortex method with an arbitrary point distribution). Note that the

time is no longer truly small: the vortices have already expanded to a size comparable

to their distance!

At still later times, the small time expansion is probably no longer accurate, since

it is based on the approximation that the size of the vortices is small compared to

their distance. The inaccuracy is reflected in sizeable differences between the solid

and dashed curves in figure 7.5(b). While the exact solution is now no longer certain,

we still believe that it is accurately represented by our numerical solution. One reason

is that the computed solution is closer to the solid curve; secondly, we expect the next

higher-order term in the small time expansion to have three periods along a contour,

which seems to agree with the number of curve crossings in figure 7.5. Table 7.2 shows

the number of vortices and computational times at τ = 0.202. The computations were

carried out in 32 bit precision on a VAX4000-300 computer running VMS V6.0.



76

Table 7.2: Computational times for counter-rotating vortices at τ = 0.202 and ∆τ =

0.002.

Decay of a vortex pair

Reynolds Number of Convection Diffusion

number vortices CPU secs CPU secs

0 2981 0 2796

10 3525 2593 3524

50 5307 4303 5631

This study used algebraically decaying vortex cores, rather than the somewhat

more usual exponentially decaying ones [17]. To check the effect, we repeated the

computation of figure 7.5 using exponentially decaying cores: we used a second-order

Gaussian core instead of (6.3) for convection, while at the end of the computation,

the vorticity was evaluated using a fourth-order Gaussian core (6.13). The results

in figure 7.6 show that the effect is negligible, although the Gaussian results seem

slightly less accurate based on the comparison with the small time expansion at the

earlier time.

The small time expansion also predicts an increased symmetry of the vorticity

distribution about the line connecting the vortex centers for increasing Reynolds

numbers. That is evident in the vorticity contours of figure 7.7. At later times the

results are considerably less symmetric, as shown in figure 7.8. In particular, the

outer contour line at Reynolds number 50 seems to develop a leeward tail similar

to the one found by Buntine and Pullin [32]. Their case of axisymmetric strain is

equivalent to no strain after rescaling.

Our vorticity contour lines are close to those of Ohring and Lugt [166], although

there seem to be some minor differences in the maximum value. Figure 7.9 depicts
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our results for the maximum vorticity as a function of time, along with the Oseen

(small time or single vortex) and Stokes (large time) values. Our results follow the

Stokes curve closely regardless of Reynolds number; this agrees with the results of Lo

and Ting [132] for a similar flow.

Figure 7.10 shows the distance of the vorticity maximum away from the symmetry

line for Reynolds numbers 0, 10, 50, and 100. While a maximum is hard to locate

in a vortex method with an arbitrary distribution of vortices, our results agree well

with the exact Stokes solution (Re = 0) and with the results of Ohring and Lugt. In

particular we agree with the conclusion of Ohring and Lugt that the maximum moves

away from the symmetry plane at all times.

Figure 7.11 shows the decay of the circulation in a half plane with time. We find

no dramatic change in circulation with Reynolds number, although the circulation at

higher Reynolds numbers decays somewhat more slowly. Our results at zero Reynolds

number are almost identical to the exact Stokes solution. These results agree with

those of Ohring and Lugt [166]. They also agree with the results of Buntine and

Pullin [32] for a smoothed initial condition. Their results at Reynolds numbers 40

and 160 are indistinguishable, similar to our results at 50 and 100. Our curve for

Reynolds number 100 ends up between those for 10 and 50.

For this flow, the velocity increases without bound when the Reynolds number

increases, especially for small times. This leads to almost singular convection terms

at high Reynolds numbers. Yet, our numerical results show that the redistribution

method captures such strong convection effects very accurately. Further evidence of

the accuracy and reliability of our method, including longer times, will be presented

in the next section in which we discuss the propagation or drift velocity of the vortex

pair.
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7.2.3 Drift velocity

In the previous subsection we verified our numerical solution against a small time

prediction for the vorticity field. In this section we will verify the numerical results for

longer times against analytical predictions. In particular, we will examine the path

and the velocity of the vortex pair. Those are important quantities in many practical

applications. For example, a vortex pair provides a simple model for investigating the

trailing vortices behind the wings of large aircrafts [131, 167, 223, 253]; these vortices

persist over long distances and are hazardous for smaller aircrafts in the vicinity of

these vortices. Hence, it is important to know where the vortices end up. As an

other example, the trailing vortices from a ship are also modeled by a vortex pair

[141, 194, 226]; and the interactions of these vortices with the free surface of the sea

produce characteristic signatures in radar images.

The drift velocity of two counter-rotating point vortices in an inviscid (to be

precise, for Re = ∞ and t = τ Re finite) fluid is simple: the vortex pair drifts in the

direction of the symmetry line (here the y-axis) at constant speed [230]. Further, in

the inviscid case the positions of the vortices are simple to identify since the point

vortices remain point vortices

However, in a viscous fluid the vortex pair diffuses, and changes shape and speed

as it drifts. Hence, before we can compare the numerical results, we need to define first

what point will be taken as the “position” of the vortex pair. Different authors have

used different points to measure the position; the time derivatives of these different

points imply different drift velocities. We will first review some of these definitions.

Since the flow is symmetric about the y-axis, we will focus on the flow in one half

plane bounded by this symmetry line. One way to define a position of the vortex in

the chosen half plane is to average over the vorticity:

yc =

∫ ∫
y ω dx dy

∫ ∫
ω dx dy

, (7.7)
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where the integration is over the half plane. We will define the drift velocity obtained

as the time derivative of yc to be the vortex center velocity vc. Instead, Saffman [191]

defines the vortex position to be

yg =

∫ ∫
x y ω dx dy

∫ ∫
xω dx dy

. (7.8)

We will denote the time derivative of yg to be the velocity vg. Next, Ohring and Lugt

[166] define the vortex position to be the location of the vorticity extremum, giving

still a different velocity. In addition to these drift velocities, we can define an average

velocity v̄ in the direction of propagation as

v̄ =

∫ ∫
v ω dx dy

∫ ∫
ω dx dy

, (7.9)

where v is the component of the velocity field in the direction of propagation.

The limiting behaviors of the drift velocities defined above are investigated by

Van Dommelen & Shankar [230] for small times, for small Reynolds numbers, and

for large times using asymptotic expansions. In the following paragraphs, we com-

pare the numerical results obtained using the vorticity redistribution method with

the analytical solutions obtained there. The Reynolds number in the computation

ranges from 0 to 100 based on the initial drift velocity. The computational results

presented in this subsection were obtained at a diffusion time step ∆τ = 0.002 and

were repeated at 0.004 to verify their accuracy. At the highest Reynolds number

Re = 100, we halved the time step again (to 0.001) to eliminate some unsightly, but

inconsequential wiggles. In addition, for shorter times, computations were conducted

at a still smaller time step (∆τ = 0.00025) to verify very small perturbations in the

small time analytical solution.

Figure 7.12 shows analytical and semi-analytical results of Van Dommelen &

Shankar [230] for the computed velocities v̄, vc and vg for Reynolds number Re = 0,

as well as the small and large time expansions for that case. At small times, the

average velocity v̄ and the vortex center velocity vc remain exponentially close to the
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unit inviscid drift velocity. On the other hand, the velocity vg decreases proportional

to the diffusion time τ . Figure 7.12 also shows that the asymptotic values for the

average velocity v̄ and velocity vg for large times are still quite inaccurate at the

maximum times presented here. The computed vortex center velocity vc tends to the

computed velocity vg for large times; but the computed average velocity v̄ remains

larger than these two velocities by about 10% [230].

As shown in figures 7.13 and 7.14, our computed results at a very fine time step

(∆τ = 0.00025) correctly follow the analytical predictions for small times [230]. Note

that this indicates excellent performance of the numerical method: the graph verifies

very small deviations from the inviscid drift velocity. Furthermore, the velocity is

almost singular at those times. In figures 7.13 and 7.14, the exact Stokes solution for

Re = 0, has also been shown. At larger times all computed curves should approach

the Stokes curve since the decay of the circulations of the vortices reduces the effects

of convection. This is consistent with our numerical results.

Figures 7.15, 7.16, and 7.17 show the computed average velocity v̄, vortex center

velocity vc and the velocity vg for Reynolds numbers 10, 50, and 100. No dramatic

changes from Stokes flow are observed for the studied Reynolds numbers. Moreover,

the different computed velocities have an interesting tendency to approach each other

when the Reynolds number increases. For example, figure 7.18 compares these veloc-

ities at Reynolds number 100. Theoretical reasons why this would be so can be found

in Van Dommelen & Shankar [230].

7.2.4 Summary

We investigated the flow of the counter-rotating vortex pair for Reynolds numbers

based on the drift velocity ranging from 0 to 100 based on the drift velocity. Our com-

putations reproduced the small time analytical results of Van Dommelen & Shankar

[230] accurately. For large times, and for large Reynolds numbers the behavior of the

computed drift velocities agree also well with analytical predictions. In general, our
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numerical results agree also with those of Ohring and Lugt [166], Lo and Ting [132],

and Buntine and Pullin [32], even though the latter two studies used a smooth initial

condition. This provides additional support for the numerical results presented in

this subsection. In the next section we apply the vorticity redistribution method to

three-dimensional Stokes flows in free space.

7.3 Three-dimensional Stokes flows

To show that the redistribution method works equally well in three dimensions,

we consider two linear problems [202]: diffusion of a pair of opposite vortex poles and

the Stokes flow (Re = 0) due to a vortex ring in free space.

Figure 7.19a shows the vorticity distribution of the vortex pair along the line

connecting the vortices. Figure 7.19b shows the isovorticity contours in the right half

of the plane containing the vortices. The solid lines are exact solutions and the dots

are computed solutions; the solutions are in very good agreement. Our computations

show that the circular symmetries in the solution are reproduced very well, even

though the symmetries are not explicitly enforced.

Figure 7.20 shows the vorticity field due to the diffusion of a vortex ring at two

different times. It is seen that the mean thickness of the ring expands correctly as

expected and also preserves the circular symmetry very well.

Hence, the results presented in this chapter show that the vorticity redistribution

method can handle flows in free space accurately. In the next chapter we will apply

the vorticity redistribution method to two-dimensional flows over solid walls.



CHAPTER 8

COMPUTATION OF FLOWS OVER SOLID WALLS

In this chapter we apply the vorticity redistribution method to flows over solid

walls. We first compute axisymmetric flows over impulsively rotated circular cylinders

in section 8.1. Next, we compute the more difficult case of an impulsively translated

circular cylinder in section 8.2. Finally, we investigate the interaction of vortices with

a solid wall is in section 8.3.

8.1 Impulsively rotated cylinder

To check the numerical implementation of the boundary condition described in

section 6.3, we first compute two axisymmetric flows. For these two flows there exist

exact solutions or easily computed finite difference solutions.

The first flow we consider is the Stokes flow (Re = 0) over a circular cylinder

impulsively set into an uniform rotation about its axis. The boundary condition on

the cylinder surface is the no-slip condition (2.5); the vorticity vanishes far away from

the cylinder surface. Figure 8.1 shows that the computed vorticity distributions agree

well with the finite difference solutions.

The second flow we consider is the Stokes flow around a circular cylinder set into

periodic rotational oscillations about its axis. This periodic motion is taken to be

cos(τ); where τ is the viscous time t/Re. The boundary condition on the cylinder

surface is the no-slip condition (2.5), while the vorticity vanishes far away from the

cylinder surface. Figure 8.2 shows the vorticity field along a radial line at different

82
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times during the first time period of oscillation. The numbers 1 to 8 close to the curves

indicate the relative phase of the oscillation; they are 1/8 of the time period apart.

Initially a Stokes layer develops on the cylinder surface. For large times, the flow

becomes periodic due to the periodicity of the boundary condition; our computation

shows that the flow becomes periodic by the end of one time period of oscillation.

The exact periodic solution derived by McLachlan [151] and Winny [248] was used

to check the periodic solutions computed using the finite difference method. The

redistribution solution clearly follows the transient solution computed using finite

differences, and reaches the periodic solution.

It may be noted, however, that the vorticity values on the cylinder surface show

deviations from the finite difference solution. These deviations are not due to the

vorticity redistribution method itself, but arise from evaluating the vorticity using

smoothing functions as discussed in subsection 6.2.6. In fact, figure 8.3 shows that

the total circulation computed by the vorticity redistribution method is in excellent

agreement with the finite difference solution. This must mean that the deviations in

figure 8.2 are only artificial. They can be removed by a more elaborate evaluation

procedure near the wall (subsection 6.2.6). The vorticity distributions in the above

two flows are axisymmetric and our computations reproduced that symmetry very

well even though it was not explicitly enforced.

The excellent agreement of our two-dimensional redistribution results with the

effectively exact one-dimensional finite difference solution provides strong support for

the numerical implementation of the boundary conditions discussed in section 6.3.

However, for these two-dimensional axisymmetric flows, the convection term in the

vorticity equation vanishes identically. To test our method also for flows in which

convection is not trivial, we compute the flow over an impulsively translated circular

cylinder in the next section.
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8.2 Impulsively translated cylinder

In this section we compute the flow over a cylinder impulsively set into motion

with a constant speed U∞ in the direction perpendicular to its axis. The reason for

choosing this test problem is that for this flow a large number of experimental and

computational results are available to check our computations. We compute the flow

in the reference frame in which the cylinder is stationary and the fluid is streaming

past the cylinder from left to right with speed U∞. The time is nondimensionalized

by U∞ and the radius of the cylinder a. The Reynolds number is Re = 2U∞a/ν,

where ν is the kinematic viscosity of the fluid. The computational results in this

section are presented for the range of Reynolds numbers from 550 to 40,000. All

the computations in this section were performed in 64 bit precision on IBM RISC

System/6000 and single-node SP-2 computers.

We will establish the accuracy of our computed results by comparing them to

experimental, analytical, and recent high-resolution computational results. But first

a review of the more recent computations is presented in subsection 8.2.1. Then, we

check our results for the streamlines in subsection 8.2.2, our velocity fields in subsec-

tion 8.2.3, our vorticity fields in subsection 8.2.4, and our drag forces in subsection

8.2.5. The effect of cut-off circulation parameter (subsection 6.2.5) proves to be very

important and is discussed in subsection 8.2.6. The comparison of our results with

the theory of unsteady boundary layer separation is given in subsection 8.2.7. The

theoretical predictions for the drag force is given in subsection 8.2.8. We compare our

results with the results obtained from other numerical methods in subsection 8.2.9.

8.2.1 Review of previous computations

In this section, we review the numerical schemes used by recent high-resolution

computations; such as those of Anderson & Reider [3], Kruse & Fischer [120],

Koumoutsakos & Leonard [117], and Wu, Wu, Ma, & Wu [249], among others. A
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review of earlier computations has been given by, for example, Lecointe & Piquet

[123].

Anderson & Reider [3] use a finite difference scheme to compute the flow at

Reynolds numbers Re = 1, 000, 3,000 and 9,500. The vorticity equation and the

Poisson equation for streamfunction are used. Their scheme is fourth-order accurate

in space and time. A fourth-order Runge-Kutta scheme is used for time stepping.

To maintain fourth-order convergence in time a smoothed initial vorticity distribu-

tion is used. Anderson [7] obtains the boundary condition for the vorticity from an

integro-differential equation, which he derives by enforcing both the no-slip condition

and its time derivative. At the outer boundary of the domain, the convection term in

the vorticity equation is discretized using upwind differencing; the diffusion term is

discretized using zero vorticity flux across the boundary. The streamfunction equa-

tion is solved using the domain decomposition method of Anderson [8] for accurate

handling of the velocity boundary condition at large distances away from the cylinder

surface. At the interface of the domains, continuity of the velocity is enforced by an

iterative procedure. For the computation of the flow over the cylinder at Re = 9, 500,

the interface is a circle of radius 1.5 times that of the cylinder and it divides the flow

domain into two annular regions. A 2048 × 256 mesh which is uniformly spaced in

circumferential and radial directions respectively, is used in the inner annular region;

the outer annular region is handled analytically using solutions of the Laplace equa-

tion. They present data for streamlines, isovorticity contours, drag coefficient, surface

pressure, and surface vorticity.

Wu, Wu, Ma & Wu [249] use a finite difference scheme to compute the flow at

Reynolds number Re = 9, 500. The vorticity equation and the Poisson equation for

the stream function are used. A viscous splitting of the vorticity equation is employed.

For the convection of vorticity, the second-order upwind differencing scheme proposed

by B. P. Leonard [127] and the second-order TVD Runge-Kutta time stepping scheme
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proposed by Shu & Osher [209] are used. For diffusion, the Peaceman-Rachford ADI

factorization with central difference spatial discretization and Crank-Nicholson time

discretization is used. For the boundary condition for the vorticity on the cylinder

surface, the vorticity flux obtained from the momentum equation equation in the

circumferential direction is used. The pressure gradient term in that momentum

equation is found by iteration. The streamfunction at the outer boundary of the

computational domain is obtained from the potential flow velocity due to the transla-

tion of the cylinder; they find that this simplified implementation requires the outer

boundary to be located as far away as possible from the cylinder surface to obtain

accurate results. In fact, their computed radial velocity along the rear symmetry

axis and the drag coefficient are significantly different depending on how far away

the outer boundary is located. In the Re = 9, 500 computational results used for

comparison in the following sections, the outer boundary is a circle of radius 20 times

that of the cylinder. The computational grid consists of 512× 900 mesh points which

are uniformly spaced in the circumferential and exponentially stretched in the radial

directions respectively; and the time step ∆t = 0.0025. They present computational

data for streamlines, radial velocity along the rear symmetry axis, drag coefficient,

slip velocity, and surface vorticity.

Hakizumwami [105] uses a finite difference method to compute the flow at Re =

3, 000 and 9,500; flow symmetry is assumed. The vorticity equation and the Poisson

equation for the streamfunction are used. The vorticity equation is discretized using

a second order central difference scheme. For time stepping, the second order Adam-

Bashforth scheme is used for Re = 3, 000 and the fourth order Runge-Kutta scheme

for Re = 9, 500. A Fourier transform is applied in the tangential direction for the

Poisson equation and the resulting equations are discretized using a second order

central difference scheme. A boundary condition for the vorticity on the surface is

obtained, to second order accuracy, using the streamfunction equation and the no-slip
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condition. At the outer boundary of the computational domain, the vorticity is set

to zero and the velocity is taken to be the potential flow due to uniform translation

of the cylinder. The grid consists of 120 × 128 mesh points for the Re = 3, 000

and 300 × 128 for the Re = 9, 500; the mesh points are uniformly spaced in the

circumferential direction and exponentially stretched in the radial direction. The

outer boundary is a circle of radius 5 times that of the cylinder. The time step

∆t = 0.01. The computational data for streamlines, radial velocity along the rear

symmetry axis, and surface vorticity are presented.

Loc [133] uses a finite difference scheme to compute the flow at Reynolds numbers

Re = 300, 550 and 1,000; flow symmetry is assumed. The vorticity equation and the

Poisson equation for the streamfunction are used. The vorticity equation is discretized

using a second order accurate scheme. The Poisson equation is discretized using a

compact fourth order accurate scheme. The boundary condition for vorticity on the

surface is obtained to second order accuracy using the streamfunction and the no-slip

condition. At the outer boundary of the computational domain, the vorticity is set

to zero and the velocity was taken to be the potential flow due to uniform translation

of the cylinder. The grid consists of 41 × 41 mesh points for Re = 300, 61 × 61

mesh points for Re = 550 and 81 × 41 mesh points for Re = 1, 000; the mesh points

are uniformly spaced in the circumferential direction and exponentially stretched in

the radially direction. The time step ∆t is 0.05 for Re = 300, 0.033 for Re = 550

and 0.025 for Re = 1, 000. The outer boundary is a circle of radius 20 times that of

the cylinder. The computational data for streamlines, radial velocity along the rear

symmetry axis, drag coefficient, and surface vorticity are presented.

Loc & Bouard [134] use the finite difference scheme of Loc [133] to compute the

flow at Re = 3, 000 and Re = 9, 500. The boundary condition for the vorticity on

the surface is obtained, to second or third order accuracy, using the streamfunction

equation and the no-slip condition. At the outer boundary of the computational
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domain, a simplified vorticity equation is used. The grid consists of 141 × 101 mesh

points for Re = 3, 000, and 301×101 mesh points for Re = 9, 500; the mesh points are

uniformly spaced in the circumferential direction and exponentially stretched in the

radially direction. A time step ∆t = 0.02 is used. The outer boundary is a circle of

radius 5 times that of the cylinder. They present computational data for streamlines,

radial velocity along the rear symmetry axis, wake length, and surface vorticity.

Kruse & Fischer use a spectral element method to solve the Navier-Stokes equa-

tions in terms of velocity and pressure. The computational grid consists of 6112

spectral elements. There are 10 nodes along each dimension in every element. They

assume flow symmetry in their computation. For their computations at Re = 9, 500,

the outer boundary is a circle of radius 20 times that of the cylinder.

Chang & Chern [40] use a hybrid vortex method to compute the flow at Reynolds

numbers Re = 300, 550, 1,000, 3,000, 9,500, 20,000, 105 and 106. The vorticity

equation and the Poisson equation for streamfunction are used. A viscous splitting

of the vorticity equation is employed. In this hybrid vortex method, a mesh is used

to solve both the streamfunction equation and the diffusion equation arising from

the viscous splitting. The vortex-in-cell scheme proposed by Christiansen [56] is

used to obtain the vorticity at the mesh points from the circulation of the vortices.

The streamfunction at the outer boundary of the computational domain is obtained

by assuming the flow to be uniform there. The vorticity on the cylinder surface is

obtained by applying the streamfunction equation on the boundary together with

the no-slip condition. For most of their computations, the mesh has 128× 200 points

that are uniformly spaced in the circumferential direction and exponentially stretched

in the radial direction. The outer boundary is a circle of radius 25 times that of

the cylinder. The time step ∆t = 0.02. They presented computational data for

streamlines, closed wake (recirculation region) size parameters, “separation” point

(defined as the position where the streamline leaves the cylinder surface, not true
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separation), radial velocity along the rear symmetry axis, drag coefficient, surface

pressure, and surface vorticity.

Koumoutsakos & Leonard [117] used a vortex method to compute the flow at

Reynolds numbers Re = 40, 550, 1,000, 3,000 and 9,500. No flow symmetry was

assumed. A viscous splitting of the vorticity equation was used (compare subsection

3.2). The velocity field is computed from the circulation of the vortices or “particles”

using a fast scheme based on that of Greengard and Rokhlin [97]. A second-order

Adam-Bashforth time stepping is used to convect the particles. The diffusion is

performed using the Particle Strength Exchange scheme discussed in subsection 1.3.3.

Koumoutsakos, Leonard & Pépin [118] handle the no-slip boundary condition using a

vortex sheet on the cylinder surface; the vortex sheet is allowed to diffuse, leading to

a vorticity flux that modifies the strength of the particles near the cylinder surface. In

the computations, the uniformity of the particle distribution is periodically restored

by remeshing every few time steps. For Re = 9, 500, a time step ∆t = 0.01 is used.

For this computation the number of particles was about 350,000 at time t = 3.00.

They presented computational data for streamlines, vorticity field, circulation, drag

coefficient, position of zero wall shear, surface vorticity, and surface vorticity flux.

Earlier, Pépin [170] also used the Particle Strength Exchange scheme to compute

the flow at Re = 550, 3,000 and 9,500; he assumed flow symmetry. He used the same

fast velocity summation and time discretization as Koumoutsakos & Leonard [117].

For Re = 550 a time step ∆t = 0.03 was used; the number of particles at t = 6.0

was about 50,000. For Re = 3, 000 a time step ∆t = 0.0275 was used; the number

of particles at t = 5.0 was about 76,000. For Re = 9, 500 a time step ∆t = 0.018

was used; the number of particles at t = 3.25 was about 80,000. The remeshing

was performed typically once every six time steps. He presented computational data

for streamlines, closed wake (recirculation region) size parameters, radial velocity

along the rear symmetry axis, vorticity field, drag coefficient, and “separation point”
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(defined as the position where the streamline leaves the cylinder surface, not true

separation).

Cheer [42] uses the random walk method to simulate the flow at Reynolds numbers

Re = 3, 000, and 9,500. She uses about 900 sheet vortices and vortex blobs; flow

symmetry is imposed by reflecting the vortex elements about the symmetry line. An

Euler time stepping scheme is used and the size of the time step is ∆t = 0.03. For

both the Reynolds numbers, she presents computational data for streamlines, closed

wake (recirculation region) size parameters, radial velocity along the rear symmetry

axis, and “separation point” (defined as the position where the streamline leaves the

cylinder surface, not true separation).

Smith & Stansby [215] use the random walk to compute the flow for Reynolds

numbers Re = 250, 1,000, 10,000, and 105. For convection of the vortices they use

Christiansen’s [56] vortex-in-cell method. The mesh consists of 129 × 200 points

uniformly spaced in the circumferential direction and exponentially stretched in the

radial direction. The outer boundary is a circle of radius 25 times that of the cylinder.

The time step ∆t = 0.02. At each time step, one to six new vortices are created

from each mesh point on the cylinder surface. They present computational data for

streamlines, radial velocity along the rear symmetry axis, drag coefficient, “separation

point” (defined as the position where the streamline leaves the cylinder surface, not

true separation), surface pressure, and surface vorticity.

Van Dommelen [231, 237] uses a random walk method to compute the flow at

Reynolds number Re = 550 and 10,000. The velocity of the vortices are computed

using the fast algorithm of Van Dommelen & Rundensteiner [233]. A second order

Runge-Kutta method (Heun’s method) is used for time stepping. A time step ∆t =

0.025 is used. There are about 7,500 vortices at t = 6.00 for Re = 550 and 25,000

vortices for Re = 10, 000 at t = 3.00.
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8.2.2 Streamlines

In this subsection we show that our computed streamlines do indeed predict the

flow features observed in the experimental results very accurately.

Computed streamlines are shown in figures 8.4, 8.6 and 8.8 for Re = 550, 3,000,

and 9,500 respectively. Note that the fluid comes from the left of the cylinder. The

characteristic feature is the presence of a large recirculating flow region of closed

streamlines behind the cylinder. The streamwise length of this recirculating region,

also known as the wake length [29], grows in time. The wake length at any fixed time

is smaller for increasing Reynolds number.

A comparison of our computed streamlines with those obtained in the experiment

of Bouard & Coutanceau [29] is shown in figures 8.5, 8.7, and 8.8 for Re = 550, 3,000,

and 9,500 respectively. Our streamlines in the large recirculating flow region behind

the cylinder are in good visual agreement with those of the experiment. In addition

to this large recirculating flow region, a number of smaller recirculating flow regions

along the rear half of the cylinder surface seen in the experiment are also observed

in our computations. As shown by Lecointe & Piquet [123], some of the earlier finite

difference computations were not able to reproduce these smaller recirculating flow

regions.

For completeness, we now give the parameters of our figures 8.4 through 8.8. Using

the usual left-handed x, y coordinate system with origin at the center of the cylinder,

the figure dimensions and streamline contour values are as follows: in figure 8.4 for

Re = 550 and figure 8.6 for Re = 3, 000, x has the range [-1.5,3.0] and y has the

range [-1.4,1.4]; in both these figures, the streamline contour values are 0, ± {0.001,

0.0025, 0.005, 0.01, 0.03, 0.05, 0.07, 0.1, 0.15, 0.2, 0.25, 0.3, 0.35, 0.4, 0.45, 0.5, 0.55,

0.6, 0.65, 0.7, 0.75, 0.8, 0.875, 0.95, 1.025, 1.10, 1.175, and 1.25 }. In figure 8.5 for

Re = 550, x has the range [-0.54,3.75], y has the range [-1.63,1.63], and the streamline

values are same as above. In figures 8.7 for Re = 3, 000, x has the range [-0.16,3.10],
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y has the range [-1.26,1.26], and the streamline values are same as above. In figure

8.8 for Re = 9, 500, x has the range [-0.25,1.75] and y has the range [-1.05,1.05]; the

streamline values are 0, ±{0.001, 0.003, 0.005, 0.007, 0.01, 0.015, 0.027, 0.04, 0.06,

0.08, 0.1, 0.125, 0.15, 0.18, 0.21, 0.24, 0.27, 0.3, 0.35, 0.4, 0.45, 0.5, 0.55, 0.6, 0.65,

and 0.7 }.
In view of the fact that an impulsive start cannot be exactly reproduced experi-

mentally, the agreement between our computation and the experimental data for the

streamlines is excellent. However, many other computations, [40, 117, 134] for exam-

ple, have also shown such good visual agreement between their computed streamline

patterns and those of the experiments. A much stronger test is a comparison of higher

order derivatives of the streamfunction, such as the velocity and vorticity fields, and

the drag force on the cylinder for example. In the next subsection we compare our

computed velocity field with those obtained from both experiments as well as other

computations.

8.2.3 Velocity field

In this subsection we show that our computed velocity field is in excellent agree-

ment with other data such as with the boundary layer computations of Van Dommelen

& Shankar (unpublished) and agrees with other recent high resolution numerical com-

putations by Anderson & Reider [3], Kruse & Fischer [120], and Wu, Wu, Ma, & Wu

[249], as well as experimental data.

For Re = 550, we compare our computed velocity with the experimental results of

Bouard & Coutanceau [29] in figure 8.9. There is very good qualitative agreement but

the wake seems somewhat too thick. We conjecture that slight unsteadiness might add

a bit of eddy viscosity in the experiments. In any case, the computations of Pépin

[170] and Loc [133] in figure 8.10 agree well with our values for the wake length,

instead of with the experiments. There are still some slight differences between those

computations and between those computations and ours. Based on our results for
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Re = 9, 500 in figure 8.15, discussed later, for which much more reference material is

available, we conjecture that our computations at Re = 550 are the most accurate,

followed by Pépin and then Loc. This is consistent with the fact that the data of

Pépin at Re = 550 are closer to ours than those of Loc.

For Re = 3, 000, we compare our computed velocity with that obtained in exper-

iments of Loc & Bouard [134]. Despite the higher Reynolds number, which tends to

enhance instabilities, the experimental results agree quite well with our data. Again

the experiments show a larger wake size than is supported by our computation. Six

other computations [40, 42, 105, 134, 170, 215] are shown in figure 8.12. Most support

our values for the wake length instead of the experimental ones. A notable excep-

tion is the computation of Loc & Bouard themselves. Again we conjecture that our

computation is more accurate than the other six, with Pépin [170] and Hakizumwami

[105] next. This is again consistent with the data for Re = 9, 500 in figure 8.15.

For Re = 9, 500, better comparisons are possible since there is much more data

available. Further, this flow is more difficult to compute, so that the errors in the

various computations show up more clearly. Also, for this high Reynolds numbers, at

early times the boundary layer is sufficiently thin that the boundary layer approxi-

mation can be used. This is shown in figure 8.13, where both the standard boundary

layer solution as well as second order theory are plotted at time t = 0.5 (unpublished

data of Van Dommelen & Shankar). It may be recalled that in boundary layer the-

ory the velocity is expanded in powers of 1/
√
Re; standard boundary layer theory

retains only the first term in the expansion (the zeroth power of 1/
√
Re), while the

second-order boundary layer theory retains the first two terms in the expansion (up

to the first power of 1/
√
Re). The small difference between the two results shows

that the boundary layer approximation is still applicable. Since the boundary layer

approximation is considerably more straightforward than a Navier-Stokes scheme, fig-

ure 8.13 may be the closest to nontrivial “hard” data that is available for this flow. It
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is therefore gratifying that our computation produces the most accurate second order

theory closely.

Figure 8.14 compares the computed radial velocity with that obtained in the

experiments of Loc & Bouard [134]. Again the experimental data are in good quali-

tative agreement, but with a somewhat thicker wake than can be supported by our

computations or by most others in figure 8.15.

In figure 8.15, we compare our computed velocity with those of other computa-

tions. All those eight recent computations agree well on the general evolution of the

velocity profile. However, the best agreement occurs between the results of Anderson

& Reider [3], Kruse & Fischer [120], Wu, Wu, Ma, & Wu [249], and our results. This

provides a strong verification of our data. This is further supported by the fact that

the computations we agree with have plenty of resolution: both the mesh based com-

putations use large amounts of mesh points, while the spectral element computation

of Kruse & Fischer uses in effect as many as 12,000 spectral elements with 100 nodes

per element.

The vorticity field, a derivative of the velocity field, tends to be even more sensitive

to numerical errors than the velocity field. We will examine it in the next subsection.

8.2.4 Vorticity field

When the circular cylinder is impulsively set into motion, the initial flow around

it is irrotational [14]. All circulation occurs in a vortex sheet on the cylinder surface

at that instant [130]; this vortex sheet diffuses out into the flow for later times.

The evolution of the vorticity field is shown in figures 8.16, 8.17, 8.19 and 8.23 for

Re = 550, 3,000, 9,500, and 20,000 respectively. For all these Reynolds numbers, by

time t = 1.00 when the cylinder has moved a distance of one radius, the flow at the

rear surface of the cylinder is in the upstream direction. This upstream flow (or flow

reversal) is indicated by a vorticity sublayer of opposite sign (color in the figures)

to that of the main boundary layer above it. At later times, the boundary layer
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vorticity “rolls up” or “individualizes” into two discrete vortices at the rear half of

the cylinder. This is particularly clear at the higher Reynolds numbers (figures 8.19

and 8.23). It is believed to be the final result of an earlier “Van Dommelen & Shen”

process, which turns the upper part of the boundary layer into a free vortex sheet

[242]. Such separation of vorticity layers from solid walls has important consequences

for flow control; for example, for dynamic stall control of aircraft wings. This was

investigated by Shih, Lourenco, Van Dommelen, & Krothapalli [213]. Wang [245]

studied flow control techniques that can prevent it.

In the following, we compare our vorticity fields to data obtained from experiments

and other computations.

For example, we compare our computed vorticity fields for Re = 3, 000 in figure

8.18 with the experimental results of Shih, Lourenco & Ding [212]. We may point out

that it has only become possible quite recently to experimentally determine vorticity

fields such as in figure 8.18. The vorticity fields obtained from the experiment in figure

8.18(a) are evaluated by differentiating velocity fields obtained using the Particle

Image Velocimetry (PIV) technique [136]. Plotted on exactly the same scale, our

computed vorticity fields are in excellent agreement with these experimental results.

Note the experimental perturbations that tend to be smoothed out in less sensitive

integrated quantities such as the velocity field and even more in the streamlines. It

shows the sensitivity of the vorticity field as a basis of comparison of results.

For Reynolds number Re = 9, 500, our computed vorticity fields in figure 8.19

are in very good agreement with the high resolution results of Kruse & Fischer using

spectral element method (figure 8.20) and of Koumoutsakos & Leonard [117] using a

vortex method based on the Particle Strength Exchange scheme (figure 8.21, differ-

ent color scale from figure 8.20). This provides strong support for our results. Our

computed vorticity fields also agree quite well with the vorticity contours obtained

from the high resolution finite difference computations of Anderson & Reider [3], and
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are in reasonable agreement with the random walk results of Van Dommelen (figure

8.22). Note however, that the random walk results develop a considerable asymmetry

between top and bottom. Since the solution of the Navier-Stokes equations is unique,

it must be symmetric; hence, the asymmetry in the random walk results is due to

numerical errors. The fact that our present computation (figure 8.19) produces sym-

metric results although the scheme itself is not symmetric provides additional support

for the correctness of our results.

The final issue is of course the remaining small differences in the vorticity fields of

the most accurate three computations. Although both the spectral element compu-

tation of Kruse & Fischer, and the particle scheme of Koumoutsakos & Leonard used

much more computational points than we did, still we have good reason to believe

that ours may in fact be the most accurate of the three. In part, our reason is nu-

merical convergence studies as found in figures 8.33(b) and 8.34(b). However, we also

have good reasons to believe that in the past computations have been too optimistic

about the levels of vorticity that they neglected. We postpone a full discussion to

subsection 8.2.6. Here we merely note that regardless of the source, the differences in

the vorticity fields between the best three computations are in any case very minor

and our scheme is fully verified.

For practical applications, the most important result are the forces exerted on

the cylinder. The lift force on the cylinder vanishes due to flow symmetry. We will

examine the drag force in the next subsection.

8.2.5 Drag force

In this section we compare our computed drag force on the cylinder to that ob-

tained in the boundary layer computations of Van Dommelen & Shankar (unpub-

lished); to analytical solutions for small times derived by Collins & Dennis [60]; and

to other numerical computations [3, 40, 117, 120, 133, 170, 237, 249].
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The force on the cylinder per unit length, nondimensionalized by ρaU2
∞/2, is most

accurately computed using the equation derived by Graham [94],

CL − iCD =
d

dt

∑

j

Γj

(

zj − 1

z∗j

)

, (8.1)

where CL is the lift coefficient; CD is the drag coefficient; i is
√
−1; Γj is the circulation

(clockwise) and zj = xj + iyj is the location of a vortex j; and z∗j = xj − iyj. Unlike

expressions used by others, e.g. [117], (8.1) includes the mirror vortices inside the

cylinder. Since the effects of vortices in the boundary layer are largely cancelled by

their nearby mirrors, accuracy is improved.

Figure 8.24 shows the drag force at early times for Reynolds numbers in the range

Re = 550 to Re = 40, 000 according to our numerical results and according to analyt-

ical results. The first of the analytical results are the boundary layer computations of

Van Dommelen & Shankar (unpublished) that are valid for sufficiently small times or

for sufficiently high Reynolds numbers. The broken and solid boundary layer curves

in figure 8.24 correspond to different levels of approximation, the solid curve being

the more accurate, and we have terminated the curves where significant differences

between the two start to show up.

The other analytical results are due to Collins & Dennis [60] and were obtained

from expanding the solution analytically in powers of time, leading to ordinary dif-

ferential equations that are then solved numerically. The expansions were taken as

high as sixth order in time and figure 8.24 shows that they remain accurate until

quite late. We conjecture that infinite Reynolds number the region of convergence

may be as large as up to time t = 1.50, at which time the exact solution has a singu-

larity (the Van Dommelen & Shen singularity [241]). Note for the highest Reynolds

number that near t = 1.50 the results of Collins & Dennis [60] move away from the

solid boundary layer curve. Yet, the small difference between the two boundary layer
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curves, as well as our own data indicate that the solid curve is accurate; it is a higher

order approximation than the standard boundary layer curve.

We note that as long as the boundary layer solution is certainly accurate, as

indicated by coinciding curves, it also coincides with the results of Collins & Dennis

[60] as well as with our numerical data. This is strong support for our results.

All our computations reproduce the singularity in the drag at vanishing time very

well. At those early times, half the drag is due to the singular wall shear caused

by the vanishingly thin boundary layer while the other half is due to the pressure

forces induced by the strong outward diffusion of the boundary layer vorticity, see

Van Dommelen & Shankar [229] for a detailed discussion. It is gratifying to see

how well our computation reproduces this, even though at the initial time step, our

computation approximates the entire boundary layer by a single string of vortices

(section 6.3).

Also note that according to the small time expansion, the exact solution is in

between the two boundary layer curves when they start to diverge. This agrees well

with our computation. It should be expected that the correct solution follows the

expansion of Collins & Dennis [60] until their small time assumption breaks down,

and our computation does exactly that. Also, note that for higher Reynolds numbers

and larger times, when the boundary layer theory is presumably more accurate, our

results start following that. Altogether, the analytical solutions provide solid support

for the correctness and accuracy of our computation at the times that the analytical

data are valid.

For longer times than can be described by theory, we will compare our computed

drag force with other computational results. First, for Re = 550, our computed drag

is in excellent agreement with that of Koumoutsakos & Leonard [117] and Pépin [170];

see figure 8.25. It is also in fair agreement with the finite difference results of Chang &

Chern [40] and with the random walk computation of Van Dommelen [237]. In figure
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8.26, we show two different random walk curves obtained by Van Dommelen (different

random numbers). The difference between the curves verifies that the errors in the

random walk method are responsible for the deviations from our much more accurate

results. We do not agree with Loc’s [133] results, figure 8.25. Loc’s data are also

in clear violation of the analytical data of figure 8.24. Further, the close agreement

between the best three computations in figure 8.25 provides strong support that our

computation remains accurate beyond the times for which the theories apply.

The accuracy of our computed drag is further validated at Reynolds number Re =

3, 000 in figure 8.27 by the excellent agreement with high resolution computations of

Anderson & Reider [3] and Koumoutsakos & Leonard [117].

At Reynolds number Re = 9, 500, our results are further validated by excellent

agreement with those of Kruse & Fischer [120], Koumoutsakos & Leonard [117], Wu,

Wu, Ma & Wu [249] and Anderson & Reider [3]; see figure 8.28. Note however,

that there are some minor discrepancies between these computations at the drag

“plateau” near time t = 2.0. We again tend to believe that our results are the most

accurate of all, despite the fact that we use much less computational points as the

other computations. One reason is the apparent computational convergence with

numerical resolution shown in figure 8.29. Another reason is that the results of Kruse

& Fischer [120], a spectral element computation with over a million nodal points, do

not show the “dip” in the drag experienced by Koumoutsakos & Leonard [117] and

Anderson & Reider [3]. See subsections 8.2.6 and 8.2.9 for additional arguments.

In the next section we will explain a difficulty in this type of computations that

has not been paid much attention to so far. It may explain some of the difficulties

previous computations have experienced.

8.2.6 Effects of cut-off circulation

In this section we want to discuss a question that has not received sufficient at-

tention in the past; the question when the vorticity is small enough that a numerical
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computation can neglect it. Of course, since the incompressible Navier-Stokes equa-

tions have elliptic properties, for all nonzero times the vorticity field extends all the

way to infinity. But the vorticity well above the boundary layers is exponentially

small, and is neglected beyond some point in almost any scheme. For example, a

finite difference scheme may impose a condition of zero vorticity or zero vorticity flux

at some cutoff line well above the viscous region. In a pressure-velocity formulation,

meaningful information about the vorticity no longer exists when the numerical er-

rors in the velocity differences exceed velocity differences due to the vorticity. As we

explained in subsection 6.2.5, in our own computations, as well as in various other

vortex computations, the generation of excessive numbers of vortices with exponen-

tially small strength is prevented by not diffusing vortices if their strength is less than

some very small “cutoff circulation” ǫΓ.

However, as we also pointed out in subsection 6.2.5, Van Dommelen & Shen [239]

warned that this may be dangerous. These authors studied the boundary layer flow at

the rear stagnation point, and discovered that its behavior for long times is completely

determined by the exponentially small velocities above the boundary layer. It suggests

that great care must be taken to select a value of the cutoff circulation, since it can

destroy essential information. This is especially likely for flows at high Reynolds

numbers since the exact solution of Van Dommelen & Shen [239] is being approached

more closely for increasing Reynolds number. The warning applies to any numerical

scheme, since it is due to the physics of the flow itself.

To show that the warning is highly relevant, we will now present the effect of the

value of ǫΓ.

One clear effect of the cut-off circulation on the computed velocity is shown in

figure 8.31. The figure shows the radial velocity along the rear symmetry axis at an

early time t = 0.50. The computed velocity for ǫΓ = 10−6 is in excellent agreement

with that of the second-order boundary layer theory of Van Dommelen & Shankar
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(unpublished). However, for a higher value ǫΓ = 10−5, there are significant errors;

for example, the flow reverses earlier as indicated by the negative velocity. For later

times, figure 8.32 shows that the computed velocity fields obtained using ǫΓ = 10−5

and 10−6 differ even more widely than at t = 0.50.

Figures 8.33 and 8.34 show the effect of the cut-off circulation on the computed

vorticity fields at two different times t = 2.50 and t = 3.00. The figures show that

for ǫΓ = 10−6 (lower cut-off) , the computed vorticity fields converge as the time

step ∆t is reduced. However, for a higher value of ǫΓ = 10−5, the computed vorticity

fields do not converge as the time step is reduced. The reason that the vorticity

fields do not converge is the following: As the time step is reduced, the number of

vortices increases inversely proportional to the time step. As the number of vortices

increases, the average circulation of a vortex is reduced, and hence the same cut-off

circulation neglects more of the vorticity field. This evidenced by comparing the time

steps ∆t = 0.01 and ∆t = 0.02 for the larger cutoff in figure 8.33 and 8.34. The

larger time step is in much better agreement with the converged data for the smaller

cutoff. Since the time step change is equivalent to an equivalent change in ǫΓ by only

a factor 2, we believe our factor 10 reduction in ǫΓ for our final results should be

more than enough. This is further supported by the comparisons with the analytical

solution in figures 8.13 and 8.31. However, detailed convergence studies would need

to be conducted to clarify the precise limits.

Similarly, the computations [117, 119, 208] based on the particle strength ex-

change scheme also use a cut-off vorticity parameter; the particles are eliminated

from the computations if their vorticity values fall below a chosen cut-off vorticity

value. Shiels’s [208] preliminary computation of the impulsively started cylinder flow

at Re = 9, 500 shows that the computed vorticity fields are significantly affected if

the cut-off vorticity is chosen to be too high; compare the vorticity fields in figure

8.35 computed using a cut-off vorticity is 10−4 and that of figure 8.21(a) computed
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using a cut-off vorticity 10−5. Notice that his computed vorticity field in figure 8.35

at t = 3.00 is remarkably similar to our unconverged vorticity field in figure 8.34(a)

corresponding to ∆t = 0.01. The ‘blockiness’ in the figure 8.35 is simply due to the

coarseness of the mesh he used to plot the vorticity and not due to the computation

itself. In his computation, the time step is ∆t = 0.005; and the Gaussian kernel size

is 1.1 times the average spacing between the particles. The number of particles in his

computation is 236,000 at t = 1.0, 380,000 at t = 2.00, and 543,000 at t = 3.00.

The computed drag values are also affected by the cut-off circulation, figure

8.36(a). This figure indicates that seemingly small differences between drag curves

could really mean significant differences in the respective vorticity fields. Notice that

the computed drag obtained using ∆t = 0.02 is in much better agreement with the

converged drag values, figure 8.36(b). As before, it indicates that our final cutoff 10−6

should be sufficient.

8.2.7 Comparison with boundary layer theory

In this section we will compare our results to some of the predictions of boundary

layer theory. Boundary layer theory is based on the approximation that the Reynolds

number is large.

According to this theory, the first significant development is the formation of flow

reversal. This was already pointed out during the initial discovery of boundary layers

by Prandtl [176]. The theoretical description of the flow reversal process was given

by Blasius [26]. He found that for the impulsively started circular cylinder, flow

reversal occurs very quickly. The best current estimate for the time of flow reversal

is probably t = 0.32192 as given by Cowley [69]. At this time the cylinder has moved

over a distance of no more than a sixth of its diameter. The reversed flow first appears

at the rear stagnation point, and spreads upstream from that point to rapidly cover

most of the rear cylinder surface.
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Our numerical results are in excellent agreement with the predictions of boundary

layer theory for flow reversal. For example, figure 8.13 compares our velocity profiles

at Re = 9, 500 with the boundary layer predictions. We show both the standard

boundary layer results (or first order theory), which are valid for infinite Reynolds

number, as well as second order theory, which attempts to correct for the finite

Reynolds number. Note that second order boundary layer theory does present a

noticeable improvement above the standard boundary layer results. (The boundary

layer profiles are unpublished Eulerian results of Van Dommelen & Shankar and are

highly accurate; for example, the first flow reversal is found at t = 0.32194 versus

0.32192.)

Close examination of the velocity profile located 150 degrees from the front sym-

metry plane shows that reversed flow has already penetrated beyond this station.

Excellent agreement between our numerical results and boundary layer theory also

exists at the rear stagnation point, figure 8.31.

Flow reversal is quite a distinctive process. At time t = 0.32192, all of the following

occur:

1. The first flow reversal at the rear stagnation point.

2. The first formation of a point of zero wall shear on the cylinder surface away

from the symmetry lines. This point is located at the upstream limit of the

region of reversed flow.

3. The first formation of a point of zero vorticity on the cylinder surface away from

the symmetry lines. This point coincides with the point of zero wall shear.

4. The first bifurcation of the wall streamline at a point away from the symmetry

lines. This point too coincides with the point of zero wall shear.
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5. The first formation of ‘recirculating eddies’: streamlines that close on them-

selves. Although in an unsteady flow the streamlines do not indicate the true

geometry of the path lines followed by the fluid, still the streamline picture is

easily visualized experimentally and appealing.

6. The formation of the first internal stagnation points in the interior of the fluid,

as the points around which the closed streamlines ‘circulate’.

However, despite all these interesting features, the time t = 0.32192 of first flow

reversal is at present no longer considered to be of great physical importance. In the

early days of boundary layer theory, it was believed that flow reversal would indicate

a significant motion of the boundary layer vorticity away from the wall, called ‘flow

separation’. However, it has become clear in the last quarter century that this is

only true for steady flows. For unsteady flows, the true separation process occurs at a

second and later time, through an additional flow development which is now generally

known as the ‘Van Dommelen & Shen singularity.’

We should note that some authors still mistakenly use the term ‘separation’ to

indicate flow reversal in unsteady flow. This is unfortunate, because since the very

beginning of boundary layer theory ‘separation’ was intended to mean an actual

significant separation of the boundary layer away from the wall. For example, both

Prandtl [176] and Blasius [26] described separation as a penetration of the boundary

layer away from the wall, large enough to ‘completely alter’ the flow and invalidate

the boundary layer solutions.

Yet a large number of numerical computations have shown that the boundary

layer solution can be continued for at least some time beyond the first flow reversal.

This implies that for high Reynolds numbers the boundary layer must still be thin,

proportional to 1/
√
Re, and aligned along the surface. Our numerical computations

indicate that this is indeed the case. Even at a time as large as t = 1 (three times
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the flow reversal time), the boundary layer is very thin and smooth, especially at the

higher Reynolds numbers. We refer to our vorticity fields in figures 8.19 and 8.23.

Historically, it took long before it was truly recognized that flow reversal does not

necessarily indicate a significant thickening of unsteady boundary layers. In fact, this

fact was first clearly noted in about the late 1950’s, most notably by Moore [160],

Rott [187], and Sears [197].

Expanding on the earlier work by Moore [160], Sears & Telionis [196] hypothesized

that there might be a second point, different from the point of zero wall shear at which

a boundary layer truly separates from the wall. This second point would then define

the actual physical separation point. The first example of such a separation point

was discovered numerically by Van Dommelen & Shen [243]. They found that for the

impulsively started circular cylinder at infinite Reynolds number, it occurs at time

t = 1.502, at symmetric angular positions 69 degrees from the rear symmetry line.

Cowley [69] independently reached these conclusions from a high-order small time

expansion of the flow.

The correct structure of this separation process was also first discovered by Van

Dommelen & Shen, in a different paper [241]. They found that for sufficiently high

Reynolds number, it takes the form of a local thickening of the boundary layer. This

thickening should become relatively more pronounced at higher Reynolds numbers,

since the unseparated boundary layer thickness thins somewhat more quickly than

the separating one when the Reynolds number is increased.

Unfortunately, the Reynolds numbers in the current computations are too low

to expect a very close agreement with the solution at infinite Reynolds number.

This may be particularly true for a circular cylinder, in which even the unseparated

boundary layer at the rear is quite thick. In addition, theoretical results of Elliot,

Cowley & Smith [77] suggest that the Reynolds number might well have to be as large

1022 for an accurate agreement with theory. Yet, our results for the higher Reynolds
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numbers 9,500 and 20,000 do clearly show that local boundary layer thickening occurs

at roughly the predicted time t = 1.5.

The local form of the vorticity field as predicted by the theory of Van Dommelen

and Shen [241] is shown in figure 8.37(a). This figure uses scaled local coordinates, in

which the vertical scaling is generally different from the horizontal one. The mathe-

matical form of this local vorticity field is a complex expression involving incomplete

elliptic integrals and need not concern us here. The most important property is that

the thickening is due to a local accumulation of fluid particles on the vorticity reversal

line in the middle of the boundary layer.

A close examination of our computed vorticity fields at Reynolds numbers 9,500

and 20,000 at times near t = 1.50 shows good qualitative agreement with this asym-

metric local expansion of the region of reversing vorticity within the boundary layer.

Magnified local boundary layer regions are shown in figures 8.37(b) and (c); they were

taken from figures 8.19 and 8.23, converted to monochrome and contrast enhanced.

It seems clear that the boundary layer theory remains meaningful even at Reynolds

numbers as low as those in the present study.

Current boundary layer theory cannot yet predict what happens after the local

thickening has developed. However, the fact that the upper part of the boundary

layer develops into a free shear layer [242], as well as experimental data [222] suggest

that the boundary layer vorticity may roll up into a discrete vortex [242]. The process

would be similar to a Kelvin-Helmholtz instability. This seems in excellent agreement

with our results for the higher Reynolds numbers, figures 8.19 and 8.23.

We also note that the initiation time of this vortex does seem to converge towards

the time t = 1.50 predicted by theory; compare the results of figure 8.19 to those

of 8.23. However, the locations of the thickening and the vortex do seem noticeably

different from the value of 69 degrees from the rear symmetry plane valid for infinite



107

Reynolds number. Yet, for our relatively low Reynolds numbers the agreement with

theory is still excellent.

8.2.8 The drag near the Van Dommelen & Shen time

During the boundary layer separation process described by Van Dommelen & Shen

[241], the upper part of the boundary layer is ‘ejected’ away from the wall. It might

be thought that this singular process would be reflected in the net forces experienced

by the cylinder.

In fact, in fluid dynamics there is a close relationship between boundary layer sepa-

ration and drag forces. For a nonseparated boundary layer such as exists at, say, t = 1,

boundary layer scalings predict a drag coefficient that vanishes for high Reynolds

numbers. Since that is in contradiction with the finite values of the drag observed

experimentally on cylinders under steady conditions, it is known as D’Alembert’s

paradox. For steady flows, the drag is due to boundary layer separation which causes

the boundary layer vorticity to move far from the wall, changing the overall flow field

and inducing adverse pressure forces.

In the unsteady case the situation is different. While previously it had been

believed that drag cannot directly be predicted from the standard first order boundary

layer theory, (hence from the Van Dommelen & Shen singularity), Van Dommelen

& Shankar [229] showed that this is in fact possible. Ignoring the details of their

derivations, their final conclusion was that the leading order drag is not affected by the

initial unsteady separation! Although the separation does introduce pressure forces,

the adverse and favorable forces cancel, leaving the net force initially unaffected. This

prediction seems in good agreement with our results. Our computed drag shows no

sign of singular behavior until well after t = 1.50, when the rolled-up vortex forms.

Even then, in spite of the ejection of vorticity, the drag goes down, rather than up.

There is a practical implication of the above conclusion that the Van Dommelen

and Shen singularity does not affect the net force initially. It is that the control of
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unsteady separation in two-dimensional flows based on monitoring the net forces may

not be very effective, since the separation has occurred before the forces change.

8.2.9 Performance compared with previous methods

In the previous subsections 8.2.2 through 8.2.6 we established that our results are

invariably comparable to the most ones accurate available. In this subsection we will

now try to argue the actual superiority of our method.

As was discussed in chapter 1, our method was designed to be a replacement of

the random walk method. Like that method it has the capability to use independent

points, a capability that none of the other methods have. As we mentioned there, this

capability is crucial to deal effectively with the strong distortions of computational

points caused by the strong convection during unsteady separation process [241]. Our

primary objective was to maintain these advantages of the random walk method, but

to do something about its large and random numerical errors.

The key question is therefore whether we succeeded in doing so, in particular

whether the small amount of additional work we introduce is worth it. Based on the

results in this section, we can answer with a resounding yes. We need merely point to

our own results for ∆t = 0.04 and ǫΓ = 10−5 in figures 8.33 and 8.34 as compared to

the random walk results in figure 8.22. These two computations use the same number

of vortices, yet our new results are dramatically better. And so are other measures,

such as the drag (see figures 8.28 and 8.29).

Note that this comparison is fair: we used the same fast velocity summation

scheme as the random walk computations, we used the same handling of the wall

boundary condition, the same evaluation of the drag, and so on. The only essential

difference is that we replaced the random walk with the equally powerful redistribution

method. (The random walk results of Cheer [42] use only 900 vortices and we would

not expect more than qualitative features for this little resolution).
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Wang [245] used the random walk method to study the control of flow separation

from aircraft wings. He complained that the large and random errors in the random

walk method make it difficult to study the effect of the various parameters. Indeed,

it should be clear from mere comparison of the two random walk computations (a)

and (b) in figure 8.22 that the random errors in this method must be large enough

to effectively mask the effect of changing the parameters. Yet this is the exact same

computation; only the random numbers changed! Our new method makes it possible

for the first time to use vortex methods with independent numerical points for real

applications.

In addition to this, the results of subsections 8.2.2 through 8.2.6 show an impres-

sive performance of our method compared not just to the random walk method, but

also to other much more limited numerical methods. This is truly astonishing, since

the geometry of a circular cylinder, at a Reynolds number as low as Re = 9, 500, is

obviously much too simple to do justice to the capabilities of our mesh-free method.

Take the Particle Strength Exchange vortex methods. The computations based

on those methods shown in this chapter initially locate the vortices on a very smooth,

regular mesh. Next, they take only a few computational steps before they create

a new mesh of vortices. It may be expected that those computations could gain

tremendous accuracy benefits from having at all times a very smooth, ordered vortex

structure. After all, they give up a significant amount of flexibility for it.

In fact, the results in subsections 8.2.2 through 8.2.6 show that their results, in

particular those reported by Koumoutsakos & Leonard [117] do rank among the very

best. Yet they use much more vortices than we to achieve this. Figures 8.33, 8.34, and

8.36 show that our method produces converged results at ∆t = 0.02 and ǫΓ = 10−5.

This computation requires as little as 60,000 vortices at time t = 3.0. In contrast,

Koumoutsakos & Leonard [117] used 350,000 vortices at the same time. The fact
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that the particle scheme uses little computational time for diffusion above the time

for convection is irrelevant for such disparities in the number of vortices.

Even with the large number of vortices used by Koumoutsakos & Leonard by

[117], it appears to us that their resolution could be improved. For example, compare

their vorticity field at time t = 3.0 in figure 8.21 with our converged vorticity field.

Although we attempted to get the colors identical, it still appears that some of the

finest flow features are simply thicker in the particle results. This would suggest that

there is still some computational smoothing of the smallest scales.

We also note that the drag coefficient predicted by Koumoutsakos & Leonard

[117] in figure 8.28 has a slight “dip” near time t = 2.0, similar to, but not the

same as, the results of Anderson & Reider [3]. Such a dip does not seem consistent

with our convergence studies, such as in figure 8.29. It also does not agree with

the spectral element computation of Kruse & Fischer [120], figure 8.28, using over a

million computational points.

One possible theoretical reason why the particle methods, also including Fishelov’s

method [78], may experience more difficulties with resolving the shortest scales will

be given in section 9.1. Yet, the fact remains that the particle methods did give

excellent results for this flow. There is another, possibly more important difficulty

faced by those methods. It has to do with reliability.

The work of Koumoutsakos & Leonard [117] was the culmination of a fairly long

research effort at Caltech into particle methods starting with the work of Pépin [170].

There has been considerable variation in the predictions of the particle method for

the flow over the circular cylinder during that time. For example, we mention the

drag coefficients in figure 8.28. Even the results found in Koumoutsakos’s thesis [119]

show significantly different vorticity fields and drag coefficients from those presented

in Koumoutsakos & Leonard [117]. The difficulty is probably that the particle method

has a considerable number of uncertainties to deal with. For example, we mentioned
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above and in subsection 8.2.1 that the particle computations very frequently create

fresh vortex distributions. This raises difficult questions such as how to distribute the

new set of vortices, how to interpolate the strengths of the old set of vortices onto

the new set, and what is the effect of the errors involved in each of these steps.

Further, the particle discretization of diffusion has a longer numerical region of

influence than our redistribution method. Such regions of influence make it much

harder to handle solid wall boundary conditions. In fact, the handling of boundary

conditions for the Particle Strength Exchange scheme has received considerable at-

tention [119, 148, 170] and the final procedure developed by Koumoutsakos, Leonard

& Pépin [118] is considerably more complicated than our simple approach of sec-

tion 6.3. Such more complicated procedures will pose additional difficulties for more

complicated bodies than circular cylinders.

There are other uncertainties in the particle methods. For example, these methods

discretize diffusion using some form of approximate integral operator. This operator

requires a chosen discretization function, called the kernel [72]; it is not obvious what

shape of this kernel to choose, or its general size, yet such decisions may have a major

influence on the final results. Shiels [208] at Caltech is currently trying to clarify

some of those issues.

Our method does not face such difficulties. We have never experienced the need

to improve our results by attempting to adjust computational parameters; our results

turned out correct the first time. In fact, we took most of the few computational

decisions that our method requires directly from the random walk scheme. This

robustness of our scheme is a matter of reliability: not for all flows is there as much

reference data as for the circular cylinder.

The impressive performance of our method compared to other vortex methods

raises the question how well it stands up to hybrid and finite difference methods.

Being mesh-based, these methods are much more restrictive than ours, but this should
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not be a great concern for the circular cylinder. In addition, these methods have seen

many decades of development compared to our new procedure, and can therefore

make use of such advanced concepts as nonlinear viscosity, higher order schemes,

fast Fourier transforms in the tangential direction, and so on. It is therefore truly

remarkable to see that our method outperforms these established procedures.

One obvious example is the hybrid vortex method results of Chang & Chern [40].

Their computed drag coefficient, figure 8.28, can simply not be supported by any

of the available data. The reason is easily guessed: their computation uses as little

as 256 × 200 computational points. These authors do use radial mesh stretching,

which produces seemingly adequate radial resolution right at the cylinder. However,

a simple check shows that using their radial stretching, most of the radial resolution

has already been lost in the middle of the boundary layer. Chang & Chern [40]

report on checking the radial resolution by changing the resolution at the wall by “a

factor close to one”; they did not find a “substantial difference” in doing so. Since

multiplying the radial resolution by a factor equal to one will not show any difference

at all, this test is not adequate. Chang & Chern [40] wrote that they have extended

their work to Reynolds numbers up to 106, and still obtained very stable numerical

results. It is our opinion that this highly unlikely stability is caused by excessive

artificial diffusion due to inadequate numerical resolution.

The finite difference computations of Wu, Wu, Ma & Wu [249] are in excellent

agreement with our own, as shown in figures 8.15 and 8.28. However, a large number

of mesh points was needed to achieve this. For most of their results, they used a

512× 301 mesh that extends outward towards 5 times the cylinder radius. Yet, their

own results show that their values for the drag and velocity profiles using this mesh

are not converged. In fact, they would show significant deviations from the correct

results in figures 8.15 and 8.28. Hence instead, in the figures we used their results

from a mesh that according to the listed mesh spacing has roughly 512 × 900 mesh
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points, with an exponential stretching in the radial direction. With this mesh, their

results for the relatively simple cylinder flow do agree very well, with only some minor

variations in the drag coefficient near the plateau.

Note however, that Wu, Wu, Ma, & Wu reach the conclusion that the numerical

results will not converge as the grid refines, limiting the application of their method

for very high resolution computations. Clearly, even despite the simple configuration

and the long development time of finite difference procedures, there remains much

uncertainty.

The computation of Anderson & Reider [3] also produced very good results (fig-

ures 8.15 and 8.28), save for a minor “dip” in the drag coefficient that is not supported

in this form by other computations. Yet, their numerical procedures are somewhat

limited even for a finite difference procedure. In particular, they only actually com-

pute a strip of half a radius thickness around the cylinder. Outside, they use the

analytical potential flow Fourier series solution in polar coordinates. They refer to

this as a domain decomposition procedure. Yet, in this form it does seem quite limited

in applicability. Further constraints arise from their higher order procedures. They

used as many as 2048× 256 mesh points in their thin strip. (We note that Anderson

& Reider lost their actual data. The data presented in figures 8.15 and 8.28 were

measured from Wu, Wu, Ma, & Wu’s paper [249]).

An interesting earlier procedure by Anderson & Reider [4] used the boundary layer

approximation. This could be useful to reduce computational effort or to simplify

boundary conditions for certain flows. However, some caution is needed here, since it

has been well established that the unsteady boundary layer equations develop “Van

Dommelen & Shen” singularities. Current evidence indicates that viscous-inviscid

interaction will not eliminate that singularity, in particular, see Peridier, Walker &

Smith [171], Cowley, Van Dommelen & Lam [68], and Cassel, Smith & Walker [37].
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The finite difference computation of Hakizumwami [105] works quite well at

Reynolds number Re = 3, 000, figure 8.12, but at Re = 9, 500 the need for addi-

tional resolution starts to show up. His grid was only 300× 128. He takes advantage

of the simple geometry of the problem by using a Fourier-Galerkin method in the

tangential direction. However, in this problem the smallest scales are clearly smaller

than he can resolve.

The computations of Loc & Bouard [134] at 101 × 301 points and Loc [133] at

61×61 mesh points would need more resolution, as well as true radial mesh stretching.

In addition, we do not quite understand how the initial data are generated by Loc

& Bouard [134]; the procedure described in that reference does not seem to make

sense. In any case, the evolution of the drag at Re = 550 in figure 8.25 is simply

unreconcilable with the analytical solutions of figure 8.24.

The conclusion we reach from all this is that the accuracy of our method is out-

standing compared to the much more developed and much more limited finite differ-

ence methods. In fact, the apparent convergence of our data leads us to believe that

our results may actually be better than all the finite difference computations. For

example, using half a million mesh points in a small strip, Anderson & Reider [3] still

experience a dip in the drag that is not supported by the other computations, figure

8.28. Koumoutsakos & Leonard have a dip in their drag, but it is a different dip.

Yet, our drag is converged using as little as 60,000 vortices, figure 8.36(b).

Also using about half a million mesh points, the results of Wu, Wu, Ma & Wu

[249] do not show the dip in the drag curve, but their results for the drag plateau

in figure 8.28 seem somewhat too high compared to ours. We tend to believe our

own results based on our convergence studies, figure 8.29, as well as based on the

preliminary results of Kruse & Fischer [120] in figure 8.28. The latter computation is

a spectral element scheme with over a million mesh points (ignoring symmetry). In

addition, we see at least one possible explanation why the finite difference scheme may
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compute a plateau that is somewhat too high. Figure 8.36(a) shows that ignoring the

exponentially small velocities above the boundary layer can result in an increase in the

drag plateau. Now the typical length scale of those velocities decreases going radially

outward, while the mesh of Wu, Wu, Ma & Wu [249], as of most other finite difference

schemes, expands going outward. Hence resolution difficulties are conceivable.

This then brings us to the final question how well our results compare to the spec-

tral element computations. A spectral scheme can be considered the very opposite

of our method: while in our scheme the computational points (vortices) are com-

pletely independent points, simply put a spectral method is based on making rigid

associations between each point and many of its neighbors. These associations allow

spectral accuracy (or at least a very high order of accuracy) to be achieved, but at

the price of a loss in flexibility. The spectral element method tries to reduce this loss

in flexibility, greatly increasing the range of practical applications, but clearly it can

never achieve the flexibility of our totally independent points. The methods are in

this sense indeed opposite.

Yet, although our method and the spectral element method are not really com-

petitors, we are gratified to see how good the agreement is between the two. Only a

very slight difference in the level of the drag plateau in figure 8.28 is observed. Even

this difference might still be due to the spectral method; the spectral method could

conceivably still have a slight difficulty with the exponentially small velocities above

the boundary layer. The spectral element sizes increase away from the wall, while, as

mentioned, the length scales of the exponentially small velocities decrease. However,

note that the spectral computations are only preliminary results kindly made avail-

able to us by the authors. We will need to know their final results before drawing

any final conclusion.
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8.2.10 Summary

In section 8.2, we investigated the flow over an impulsively translated cylinder for

a wide range of Reynolds numbers Re = 550 to 40, 000. We compared our computed

streamlines, velocity field, vorticity field, and drag coefficients with those obtained

from experiments and many recent high resolution computations.

For small times, our computed velocity fields and drag values are in excellent

agreement with the boundary layer computations of Van Dommelen & Shankar (un-

published), and small time expansions of Collins & Dennis [60].

For longer times, there is an excellent agreement between our computed velocity

fields and those of the high resolution simulations of Anderson & Reider [3], Fischer

& Kruse [120], and Wu, Wu, Ma, & Wu [249]. Our computed vorticity fields is in

excellent agreement with the instantaneous vorticity fields obtained from the exper-

iments of Shih, Lourenco & Ding [212]. Our computed vorticity fields also agree

excellently with high resolution simulations of Fischer & Kruse [120], Anderson &

Reider [3], and Koumoutsakos & Leonard [117]. In fact, based on evidence detailed

in subsection 8.2.9, we believe that our results may well be the most accurate ones

presently available. Yet, we use much less computational points than any of the other

computations.

In the next section, we compute another flow as a simple illustration of the flexi-

bility of our method.

8.3 Vortex-pair/cylinder interaction

Vortex interaction with solid walls is an important basic issue of practical in-

terest [73]. For example, a current issue of great concern for fighter planes is that

conventional computations greatly diffuse separated vorticity coming from the wings,

causing erroneous interactions with the tail surfaces.
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As a simple model problem for this phenomenon, we computed the propagation of

a vortex-pair towards the surface of a cylinder. This provides an elementary example

of the power of a mesh-free method, see figure 8.38. We will nondimensionalize the

problem with the diameter D̄ of the cylinder and Γ̄/2π, where Γ̄ is the circulation

of the incoming vortices. The Reynolds number, defined as Re = Γ̄/2πν̄, was taken

to be 500. We took the vortices initially one diameter apart, hence their initial drift

velocity is approximately unity in our normalizations. Initially the vortices are 2.5

diameters away from the center of the cylinder, and for simplicity we took their

initial vorticity profiles to be those of point vortices that have already diffused out

for a nondimensional time interval t = 11.25.

Figure 8.38 shows the evolution of the vorticity field; the evolution of the separated

vorticity field agrees with existing experimental and computational data for similar

flows [39, 168, 244, 250]. Initially, when the vortex pair is still sufficiently far away,

the boundary layer on the cylinder surface develops similar to that on an impulsively

translated cylinder. When the vortex pair approaches closer to the cylinder, the

boundary layer separates and rolls up into a vortex (secondary vortex); this secondary

vortex deflects the oncoming primary vortex.

Figure 8.39 shows the location of the vortex center (xc, yc) or centroid of the

approaching vortex in one half plane at different times. The vortex path is similar

to that of Yamada, Yamabe, Itoh & Hayashi [250], showing the ‘rebounding’ effect.

Figure 8.40 shows that the circulation of the secondary vortex is of the same order as

the primary vortex.

Standard numerical procedures experience various difficulties with this flow. For

example, a very large single mesh could be defined to enclose all of this flow. But to

maintain high resolution both in the incoming vortices and near the wall, this would

require large amounts of mesh points. A better choice would seem to be to use multiple

meshes, hence giving each part of the flow its own mesh. But such a procedure would
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experience complications in logic at the later times when the vorticity regions meet

and join.

Instead, in our mesh-free procedure we merely placed two set of computational

vortices at the locations of the incoming physical vortices. There is no need to struc-

ture or order these in our scheme. Except for this simple incorporation of the initial

conditions, we ran our scheme for the circular cylinder of section 8.2 completely un-

changed. Our wall boundary condition treatment (section 6.3) automatically starts

adding vortices at the wall because of the slip velocity induced by the incoming vor-

tices. Our vorticity redistribution method automatically extends the vortices out

away from the wall when the vorticity diffuses there. When the different regions of

vorticity meet, the vortices of one region automatically begin to use vortices of another

region, whenever it is convenient. At all times, the computational vortices remain

restricted to only the regions where we need them. This shown in figure 8.41. Such

an excellent adaptive resolution of separated vorticity fields would be very difficult to

achieve in mesh-based computations.

8.4 Summary

The purpose of the computations in the above sections was to verify the unprece-

dented combination of accuracy, reliability and flexibility of the vorticity redistribu-

tion method. The mesh-free property is the most dramatic advantage of our method

for the computation of separated flows around complex geometries. The random walk

method has this property too, but it can clearly not compete with our accuracy. And

despite their reduced flexibility, the particle methods cannot match the accuracy and

reliability of our method for the considered flows. Surprisingly, our results for the

impulsively translated cylinder at Re = 9, 500 also seem to be better than the finite



119

difference results, and as good or better than the spectral element results. Yet, this

is still a very simple geometry, and the separated vorticity remains relatively close to

the wall.

In the next chapter, we will discuss some advantages of our method from a purely

theoretical point of view.



CHAPTER 9

DISCUSSION

In the previous chapter we demonstrated the superior performance of our method

compared to other procedures by means of actual flow computations. In this chapter

we will explore the theoretical reasons that give rise to this performance. We will

contrast our method mainly to other vortex methods such as the Particle Strength

Exchange method (subsection 1.3.3) and the related method by Fishelov (subsection

1.3.4).

Although in other studies we have found the random walk method to be robust,

simple to apply, and quite reliable, in our opinion the results of the previous chapter

using our new method seem to take it out of the running as a contender.

Of course, the other vortex methods do not have the independent computational

points our method has. So in this chapter we will restrict ourselves to flows for

which this is less important: flows around relatively simple configurations without

very strong convective process. We will give theoretical reasons why our method may

still be preferable even for such simple flows.

Like the particle methods, the vorticity redistribution method simulates the dif-

fusion of a vortex by moving circulation to neighboring vortices. This similarity is

rather superficial, however, since Lagrangian finite difference, finite element and spec-

tral representations of the diffusion process would all do this. By construction, the

vorticity redistribution method is closest to a finite difference method, rather than to

a particle method, and reduces to one when the distribution of the vortices is uniform.

For that reason, it might be considered to be a computed finite difference formula.

Finite difference, finite element, spectral, particle, Fishelov’s, and our own method

differ principally in the way the amounts of circulation to be moved to neighboring

120
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vortices are determined, and in the number of neighboring vortices involved. For

example, the particle methods transfer circulation between vortices proportional to

the local value of a “diffusion kernel” [72, 117]. In contrast, the vorticity redistribution

method computes the amounts to be transferred from procedures similar to ones used

to construct finite difference formulas. This allows the vorticity redistribution method

to satisfy the necessary equations using only a finite number of vortices, similar to a

finite difference method.

Particle methods cannot do this. For these methods to converge, the diffusion

kernel must have a size δ that is asymptotically large compared to the point spacing

h; it must be integrated correctly, [72, 78]. As a result, in particle methods the

diffusion of a vortex involves an unbounded number of neighboring vortices, as in a

spectral method.

In practice, δ = O(hp), 0 < p < 1, and p may be as small as 0.08 or 0.1 [46]. Other

computations have used much smaller cores, but remeshed frequently to uniformly

distributed vortices. For example, Pépin [170] uses δ/h = 1.8 to compute the flow

around a cylinder at Reynolds number 9,500, but reports remeshing every six or seven

time steps.

9.1 Resolution of short scales

The requirement of particle methods that the diffusion core size must be asymp-

totically large compared to the vortex spacing can be a disadvantage. It is not the

vortex spacing, but the larger core size that limits the smallest scales that can be

resolved during the computation.

This is especially so since the core size must be chosen before the computation

can be conducted, at a time when little precise information about the flow to be
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computed is likely to exist. When widely differing strain rates cannot be excluded

beforehand, it may be tempting to make the core sufficiently large to ensure that it

will remain well resolved during the computation. A choice that optimizes both the

errors in small scales and the errors in discretizing the core may not be very easy to

make.

In contrast, the vorticity redistribution method proceeds without a core. The

smallest scales for which the computation is meaningful are limited by the redistri-

bution radius, which is of the order of the point spacing, not asymptotically large

compared to it.

If the vorticity field itself is desired at some given time, we still need to evaluate

it using an evaluation core, but this is a different problem. At the evaluation stage,

all information about the solution is known, and the core can be selected based on

the actual solution properties at the given time. In practice, we reduce the core size

until short wave errors start to show up. In principle, it would even be possible to

select a core size based on the local solution properties, but so far we have always

used a spatially constant core.

Furthermore, the evaluation core does not affect the actual computation: all in-

formation about the short waves remains available for the convection algorithm to

use.

In practical applications, significant short scales might be due to rapid changes in

boundary conditions or due to strong straining during the vortex ejection from bound-

ary layers that follows the unsteady separation process discovered by Van Dommelen

and Shen [241] (see section 8.2). As a simple model example involving short scales we

will address the case of a diffusing point vortex. This is the fundamental solution of

the diffusion equation, and presents the limiting case where the entire initial vorticity

distribution has such a small scale that it computationally appears to be a point.

According to the exact solution for a diffusing vortex, the vorticity diffuses out over
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a typical distance
√
νt. The particle methods are inaccurate for times for which this

diffusion distance is still small or finite compared to the kernel size δ.

The method of Degond and Mas-Gallic [72] leaves the vortex largely undiffused

during early times: it diffuses only a small fraction of the vortex over an area of

typical size δ. Instead, it should diffuse all of the vortex over the distance
√
νt. The

method of Fishelov [78] initially also leaves the vortex undiffused; it simulates the

diffusion by the creation of negative and positive vorticity within a region of size δ.

While the smallest vortex size that the particle methods can resolve is determined

by the size of the kernel, asymptotically the point spacing must be much smaller. As

a result, there is a range of times for which the vortex is already large compared to

the point spacing, but small or finite compared to the kernel. For those times, the

particle methods give inaccurate results.

On the other hand, the vorticity redistribution method gives a valid approximation

to the exact solution as soon as the size of the vortex ℓ =
√
νt becomes large compared

to the typical point spacing hv. We simply take the size of our smoothing function δ =

hα
v ℓ

1−α for some α < 1
2
. According to the error bounds (5.3) and (5.11), for α close to

zero this produces an L2 relative error of almost O(hv/ℓ)
M , which is the best accuracy

that can reasonably be expected. In this case we are using a smoothing function with

a variable core size. However, this has no consequences; the redistribution process

is independent of the smoothing function. The smoothing function is merely used

in the final evaluation of the solution, and can be optimized for the instantaneous

properties of the computed solution.

For still earlier times, after only a finite number of time-steps, the size of the

delta function is of the order of the point spacing, and an accurate representation of

the vorticity is not possible. This is not a shortcoming of the vorticity redistribution

method. The initial data given to it cannot distinguish whether the initial condition

is a true point vortex or a spike of a size smaller than the spacing of the numerical
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points. Thus the solution is truly indeterminate as long as the vortex distribution is

of the order of the point spacing. The best that can be hoped for during these times

is that the numerical solution gives the correct typical size of the vortex distribution.

Since the vorticity redistribution method uses a finite scaled redistribution radius R,

it restricts diffusion to a region of the correct order of magnitude. Moreover, except

for the uncertainty in the initial data, the correct root mean square radius of the

vorticity distribution is achieved.

How important the difference is for practical computations remains to be decided.

As mentioned in the beginning of this section, results for the ratio of point spacing to

core size vary. Some computations have used a ratio quite close to one. These compu-

tations have maintained a highly efficient vortex distribution by frequent remeshing.

However, this does reintroduce concerns with regard to regeneration times, mesh

generation, interpolation errors, quadrature errors, etcetera, that a truly Lagrangian

computation attempts to avoid.

In any case, in practical applications we did find that our method works well at

relatively low numbers of vortices. For example, in the circular cylinder computations

at a Reynolds number of 9,500 in section 8.2, we found that our method with about

60,000 vortices gives results that equal or exceed all existing finite difference, spectral

and vortex method data, even those using many hundred thousands of points. For

the number of vortices we used there, the smallest scales, such as the boundary layer

thickness, are not much larger than the typical point spacing.

We do want to point out a concern about our method when it is applied to vortices

arranged according to a smoothly varying mesh distribution. Our method was not

designed for such a purpose; we were interested in truly Lagrangian computations

when convection has thoroughly mixed the vortices. Yet our method can be used on

a uniform vortex distribution as well, since it will simply generate an explicit finite

difference formula with good conservation and positivity properties. However, when
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our method is applied on a smoothly varying mesh of vortices, instead of a uniform

one, our choice to solve the redistribution equations using a least maximum procedure

is probably not the best one. The resulting redistribution weights do not always

depend smoothly on the vortex positions. This will produce unnecessary short wave

errors from the long wave components. Some further work could avoid this, making

our method even more powerful.

9.2 Automatic remeshing

One of the main difficulties in a Lagrangian determination of diffusion processes

is that convection can cause a severe deterioration in the spatial distribution of the

computational points. For the particle methods, Marshall & Grant [145] and Pelz &

Gulak [169] showed that the most important consequence is a loss of accuracy in the

quadratures. To maintain accuracy, such methods require a careful monitoring of the

particle overlap at all times [119, 170]. Solutions for extended times require periodic

reinitialization or remeshing of the particle distribution [23, 119, 170].

The influence of the remeshing process and the time period between remeshings

are additional sources of errors and uncertainties. Some particle computations have

reported remeshing every six or seven time steps [170]. This suggests the question at

which time a Lagrangian computation stops being mesh-free or truly Lagrangian.

The vorticity redistribution method does away with these difficulties. Its only

constraint on the point distribution is that a positive solution to the redistribution

equations exists. If there is none, a new vortex is added to create one. As a result, the

point distribution is implicitly checked at each vortex at each time-step, and restored

before it can affect our error estimates.

It is important to reiterate that our computation is truly mesh-free. We simply add

a new vortex when we need one. We do not create a new partitioning of the domain;
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we do not create new quadrature rules based on the new vortex and its neighbors; we

do not make any associations between the new vortex and its neighbors.

As discussed in subsection 6.2.4, in the computations presented in section 8.2, we

have also searched the existing vortices for any ones that are no longer truly useful,

and simply thrown them out, after distributing their vorticity over the neighboring

vortices. No other steps were needed.

In our computations, we do not even bother creating a mesh of vortices around our

solid bodies. For example, in section 8.3 we compute vortices bouncing off a circular

cylinder by merely placing the incoming vortices at the desired initial position. The

vortices introduce a slip velocity at the surface of the cylinder, and new vortices are

created at the wall to cancel this slip velocity. Our method automatically takes care

of extending this vorticity distribution at the wall out into the field. This would work

the same way regardless of the number and complexity of the solid bodies present.

When the different regions meet, the computational vortices automatically start using

the vortices from the other regions.

The mesh-free nature of our computation also allows us to restrict vortices to

exactly the regions where we need them. For example, we do not include vortices

of zero strength in our computation as particle computations have done [170]. Our

impulsively started cylinder computations start without any vortices; the boundary

treatment creates the first ones.

9.3 Computational speed

The computational effort required by our method is an area of some concern,

but more as a practical rather than as a theoretical issue. From a rigorous theoret-

ical point of view, the vorticity redistribution method is in fact superior to particle
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methods with respect to computational time. After all, in the limiting process in

which convergence is achieved, the particle methods must transfer their vorticity to

infinitely many neighbors, requiring infinitely many computational operations. Al-

though the vorticity redistribution method must elaborately compute the fractions to

transfer to the neighbors, only a finite number of neighbors is involved, making the

work asymptotically finite.

However, the situation is much less clear than this argument might suggest. The

comparison above assumes that the particle and redistribution methods use the same

number of vortices and time-steps. Yet, a particle method such as Fishelov’s [78] can

be exponentially accurate. While the vorticity redistribution method can have any

fixed order of accuracy, at least for the Stokes equations, it cannot be exponentially

accurate using a finite number of points. For infinitely smooth initial data, an expo-

nentially accurate particle method would asymptotically need much less points than

an fixed order vorticity redistribution method, making the above comparison of times

meaningless.

Furthermore, under realistic conditions the number of neighboring vortices af-

fected in a particle method is not likely to be very large. Since it is significantly

less work to transfer a vorticity fraction onto a vortex than to compute that fraction

from a linear programming problem, finite or not, the asymptotic estimate is clearly

misleading for practical applications. This is particularly so for the particle methods

that remesh every few time steps, eg. [119, 170]: these may involve as little as on the

order of 200 neighboring vortices.

In any case, from a practical point of view the real question is whether the com-

putational time for the redistribution step leads to an unacceptable increase in the

total computational time. If the time for redistribution would be much larger than

the time needed to find the velocity field, it would significantly reduce the problems

that could be addressed with the method. Our computational examples in chapter 7
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show that this is not the case. The time for redistribution is roughly half of the total

time. To put this in perspective, we may note that in order to resolve length scales

only twice as small, a computation would need 16 times the computational effort in

two dimensions and 32 times in three.

Furthermore, as discussed in subsection 6.2.1, we have not yet made any serious

attempt to reduce the time required for our method. Since there seems theoretically

no limit to the reduction in computational effort that might be achievable, this seems

a promising area for further research.

A true saving of computational time compared to particle methods can occur if the

initial vorticity is sparse. The vorticity redistribution method, with its capability to

deal with randomly distributed, independent vortices, need use only vortices in regions

in which vorticity exists. New vortices are automatically added when the region with

vorticity expands. For example, for the diffusion of a point vortex we started with

a single vortex and we let our method add vortices automatically. Particle methods

typically start out with a large number of vortices, most of which are inactive at

those early times. (An improvement suggested by Pépin [170] is to allow the number

of particles to be increased during remeshing, thus allowing less particles to be used

during the first stages).

9.4 Simplicity

It has been argued that the vorticity redistribution method introduces significant

additional complexity in a vortex computation. We cannot agree with this sentiment,

at least not if a fast summation algorithm is used to find the velocity field in the con-

vection step. In its simplest implementation, followed in this paper, the redistribution

method needs to do two things for each vortex: identify the neighboring vortices and

solve the redistribution equations.
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Neighboring vortices are already identified by the fast summation procedure used

to find the velocities. In our program, that part of the fast summation process was

simply repeated in the redistribution stage to account for the different neighborhood

sizes in fast summation and redistribution. Thus there is no significant further com-

plexity with regard to this requirement.

While our method also requires the solution of the redistribution equations, this

does not truly add complexity to our procedure either. Solution of a linear system of

equations is a standard mathematical problem, not a problem specific to the vorticity

redistribution method. Ideally, the redistribution equations are merely handed to a

‘canned’ library routine for solution. Actually, we wrote our own subroutine based

on an algorithm found in literature [1].

If there is no solution to the redistribution equations, a vortex needs to be added.

This too, is a very simple process. We simply try a few locations for this vortex and

stick it in the largest hole we find.

It is important to note that none of the above requirements depends on what

flow is being computed. The complexity of the flow does not affect them. The length

scales and the strength of the convective processes do not affect them. No parameters

need to be chosen based on the flow properties. In other words, these issues need to

be addressed only once.

While admittedly the random walk method is even simpler to apply than our

method, in our opinion particle methods are not. First, while our method extends

the vortex distribution automatically from the solid surfaces into the field, a particle

method faces a separate mesh generation problem: it needs to create an effective par-

titioning and quadrature procedure. Such problems can become difficult for complex

configurations. Yet, in order to resolve the diffusion cores with the minimum number

of vortices, an effective vortex distribution is highly desirable.
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Further, a particle method needs to monitor its vortex distribution. It needs to

formulate criteria that determine whether a given distribution, with widely varying

local properties, needs to be updated globally. Or it needs to address the even more

complex issue of local updating. It needs to update the vortex distribution without

introducing artificial diffusion or smearing steep gradients. The best choices for the

time interval between updating, the new point distribution, the transfer of vorticity

between meshes, etcetera, all depend on the actual flow being computed. Optimal

choices will require trial and error.

Furthermore, particle methods face the need to select a smoothing function to

perform diffusion. This function must be selected a priori in order to be able to

perform the computation of the diffusion process. Since at that time not much may

be known about the flow to be computed, an optimal choice will not always be a

simple task.

The vorticity redistribution method has it much easier since the computation

of the diffusion processes does not depend on a smoothing function. A smoothing

function is only used in the final evaluation of the results. At that time, much more

information is available since the strength of the vortices has already been determined.

It also makes it possible to optimize the size or shape of the smoothing function based

on the computed properties without repeating the complete computation.

Admittedly, in an actual computation at nonzero Reynolds number, a smoothing

function must still be used to find the velocity field. However, experience indicates

that the choice of this smoothing function is often not very critical. For example, Mili-

nazzo and Saffman [155] obtained meaningful random walk results with a very small

smoothing function. Goodman, Hou, and Lowengrub [91] show that no smoothing

function is necessary if the vortices are initially uniformly spaced.

Thus the vorticity redistribution method is simple to apply and flexible. On the

other hand, additional complications can certainly arise if its performance is to be
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optimized. For example, while extended convection is not a problem for accuracy

as in particle methods, it can certainly reduce numerical efficiency. As discussed in

subsection 6.2.3, it is desirable to combine vortices that approach very closely. While

there are no associations between vortices that need to be maintained, it would still

have to be shown that this process does not introduce instability or inaccuracy. We

note however that we have used it without difficulty for the computations in section

8.2 and elsewhere [202, 203, 204].

Similarly, solving the redistribution equations from scratch at every time-step

seems wasteful: as pointed out in subsection 6.2.1, these equations change little from

one time-step to the next. Yet, to use the solution of one time-step during the next one

would clearly add complexity, such as what information to save from one time-step

to the next, and how to update the old solution.

For higher order of accuracy, the conditioning of the redistribution equations needs

to be considered. It would need to be determined whether it might be advantageous

to recast the equations in other equivalent forms. The effects of numerical errors in

the solution process would need consideration. Again, such considerations would be

independent of the flow being considered.

9.5 Conservation laws and positivity

The fact that the vorticity redistribution method computes the individual redistri-

bution fractions makes it easier to obtain certain desirable properties. In particular,

it allows the conservation laws to be satisfied exactly. Even when resolution is very

poor, such as initially for a diffusing point vortex, at least no false circulation or linear

and angular momentum will be created.

A random walk procedure conserves only circulation exactly. While corrections

are possible that conserve the center of vorticity [41, 155], subgroups of vortices can
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still perform an appreciable net motion without a physical mechanism causing it.

The particle scheme proposed by Fishelov [78] is not conservative unless a corrected

rule is used to perform the integrations in her convolution, but the potential high-

order of accuracy may make this unimportant. The particle methods do not satisfy

conservation of center of vorticity exactly when the particle distribution becomes

nonuniform.

Another advantage of the redistribution equations is that they tend to localize

the errors in velocity that result from the numerical diffusion. To be precise, the

redistribution equations ensure that the leading order decay terms of the error in

velocity vanish exactly.

Another desirable property is the positivity of the redistribution fractions; it as-

sures that regardless of numerical inaccuracy, no false reversed vorticity is created.

Whether particle methods satisfy this constraint depends on factors such as the choice

of smoothing function and of the time discretization. For example, Fishelov’s method

does not satisfy positivity and can generate reversed vorticity, although the amount

should be very small if the vorticity distribution is sufficiently smooth. The inte-

gral constraints given by Degond and Mas-Gallic [72] show that third-order accurate

particle schemes do not satisfy positivity.

It may seem surprising that for the Stokes equations the vorticity redistribution

method can achieve any order of accuracy with positive fractions, while the particle

methods cannot. The reason is that the vorticity redistribution method discretizes

convection for a finite time-step, rather than an infinitesimal one. In particular, if we

let the time-step tend to zero in the vorticity redistribution method, while keeping

the location of the vortices fixed, the scaled spacing between the vortices would tend

to infinity. In Appendix A it is shown that the redistribution equations do not have

a positive third-order solution if the scaled spacing is more than a finite value. Thus

high order of accuracy can only be achieved for a finite time-step.
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For the Navier-Stokes equations a finite time-step is a mixed blessing; the splitting

into viscous and inviscid steps should not introduce an error larger than the spatial

order of accuracy. Note however that the time-step is an order smaller than the spatial

resolution. In an unbounded domain, Strang splitting with reversal of the order of

the steps [19] would be fourth-order accurate with respect to space.

In the next chapter, we will present the conclusions about our work and also

suggest some areas for further work on our vorticity redistribution method.



CHAPTER 10

CONCLUSIONS

In this thesis, we have developed a mesh-free, accurate numerical method, called

the ‘vorticity redistribution method’, for handling diffusion in vortex methods for

incompressible flows.

By construction, our vorticity redistribution method might be considered to be a

computed finite difference formula for vortices with disordered locations. Our inten-

tion was to design a method with the same independent computational points as the

random walk method. This gives it the capability to handle complex separated flows

that may be impractical using other schemes. It also allows the computational points

to truly follow very strong convection processes. This may be crucial to compute flows

with unsteady boundary layer separation [241]. Yet at the same time we wanted to

avoid the large and awkward numerical errors in the random walk method.

Our new procedure has been tremendously successful in this quest. The results of,

especially, section 8.2 provide overwhelming evidence that our method maintains the

advantages of the random walk method, but with a dramatic increase in accuracy.

Wang [245] complained that the large and random errors in the random walk methods

(such as those between figures 8.22(a) and (b)) made the study of the effects of the

true physical parameters very difficult. Our new method now allows such practical

applications.

In fact, as discussed in subsection 8.2.9, the evidence suggests that our results for

the impulsively translated circular cylinder at Re = 9, 500 may surpass all available

finite difference results. Yet, such schemes are clearly less flexible, and some use as

much as half a million mesh points where we needed 60,000 vortices. Of course, the

CPU time per vortex can be expected to be much larger than the time per mesh

134
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point in a finite difference computation, especially for this simple geometry. In any

case, of all computations, our results agreed closest with the preliminary spectral

element results of Kruse & Fischer [120] who used half a million nodal points in half

the flow region. Spectral methods are of course targeted to very different conditions

than our mesh-free method. We also showed that our method works equally well in

three dimensions as in two.

We further explained that it has significant further theoretical advantages over

other vortex methods in addition to the fact that it is mesh-free. Our method can

show a better performance for small scale phenomena; compare the discussion about a

diffusing point vortex in section 9.1. This reduces the number of vortices needed. Our

method uses its vortices also very efficiently since they are distributed only where there

is vorticity; hence our method uses still less vortices than other methods. Our method

adds new vortices automatically when the vorticity diffuses toward new locations or

where straining depletes regions of vortices. Particle methods periodically restore the

vortex distribution, interpolating the vorticity of the new distribution from the old.

This introduces complexity as well as interpolation errors.

Other advantages of our method are that the conservation laws are satisfied ex-

actly, and that our method can preserve the sign of the vorticity exactly even at high

orders of accuracy. Another significant advantage is that there are few computational

parameters in our method, and they are easy to choose. We further never needed to

“adjust” our parameters; this makes our method highly reliable.

While Fishelov’s method [78] can easily achieve spectral accuracy, our method

cannot. On the other hand, there is also no fundamental limitation on the order of

accuracy that can be achieved by our method. However, more than first order accu-

racy has not yet been demonstrated in actual computations. Also accuracy beyond

fourth order is not completely trivial since it requires additional consideration of the

time splitting error.
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The computational time required for the vorticity redistribution method is of the

order of the time required for convection. In typical computations based on particle

methods, on the other hand, the computational time needed for diffusion is small

compared to the time needed for convection. However, at least for the case of the

impulsively translated cylinder at Re = 9, 500, the particle methods use much more

vortices and hence the time required for redistribution seems not really relevant for

that flow. In addition, we must point out that so far we have not made any serious

attempt to reduce our computational time. We certainly have no doubt that the

various brute force approaches we have followed so far are unnecessarily inefficient.

Since we solve two identical diffusion problems back to back, a factor 2 reduction in

time would be trivial at the expense of additional storage. Interestingly, in theory the

reduction in computational effort could still be arbitrarily (“infinitely”) large. Future

studies will have to determine how much of that is really possible.

In addition to improving the computational time, further work on the vorticity re-

distribution method may be continued in many ways. One is to extend the method to

handle different boundary conditions; for example, free-surface and periodic boundary

conditions. In section 7.3 the method was applied to three-dimensional Stokes flows;

this work could be continued to flows including convection, and to flows with no-slip

or other boundary conditions. Finally, one could also investigate the feasibility of

extending the redistribution method to compressible flows. The fact that it is in fact

a computed finite difference formula suggests a wide further range of applicability.
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Figure 4.1: Redistribution of the circulation of a vortex Γn
i .
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Figure 6.1: Vortex pair, Re = 0: Growth in number of computational vortices for the

Stokes flow starting from a pair of counter-rotating point vortices. The small circle

indicates the size of the computational neighborhood of a typical vortex.
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Figure 6.2: Vortex pair: Total number of computational vortices versus time.
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Figure 6.3: Vortex pair, Re = 50: Growth in number of computational vortices for

a flow starting from a pair of counter-rotating point vortices at Re = 50. The small

circle indicates the size of the computational neighborhood of a typical vortex.
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(a)

(b)

Figure 6.4: Smoothing functions in (a) Fourier space and (b) Physical space. Broken

lines are nonconvergent smoothing. Solid lines are modified smoothing.
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Figure 7.1: Point vortex, Re = 50: Growth in mean square radius of a single diffusing

vortex. The solid line is exact and circles are vorticity redistribution solutions.
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Figure 7.2: Point vortex, Re = 50: Vorticity distribution of a single diffusing point

vortex along the horizontal symmetry axis at times τ = 0.082 & 0.202. The solid

lines are exact and circles are vorticity redistribution solutions.
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Figure 7.3: Vortex pair, Re = 0: Vorticity along the connecting line at times τ = 0.082

& 0.202. The solid lines are exact and circles are vorticity redistribution solutions.
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Figure 7.4: Vortex pair, Re = 0: Isovorticity contours (a) at time τ = 0.082: ω = 5.00,

3.85, 2.70, 1.55, & 0.40; (b) at time τ = 0.202: ω = 1.40, 1.10, 0.80, 0.50, & 0.20.

The solid lines are exact and circles are vorticity redistribution solutions.
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Figure 7.5: Vortex pair, Re = 50: Isovorticity contours for a counter-rotating vortex

pair. (a) at time τ = 0.01025: ω = 40, 24, & 8; (b) at time τ = 0.02050: ω = 20, 12,

& 4. The dashed and solid lines represent orders of approximation in the analytical

solution. Circles are vorticity redistribution solutions.
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Figure 7.6: Vortex pair, Re = 50: The effect of using exponentially decaying core

shapes instead of algebraically decaying ones.
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Figure 7.7: Vortex pair: Isovorticity contours ω = 5, 3, & 1 at time τ = 0.082 for

different Reynolds numbers.
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Figure 7.8: Vortex pair: Isovorticity contours ω = 1.7, 1.5, . . . , 0.1 at time τ = 0.202

for different Reynolds numbers.
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Figure 7.9: Vortex pair: Maximum vorticity for different Reynolds numbers. Stokes

represents the exact solution for Re = 0.
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Figure 7.10: Vortex pair: Distance of the point of maximum vorticity from the sym-

metry plane. Stokes represents the exact solution for Re = 0.
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Figure 7.11: Vortex pair: Circulation in a half plane for different Reynolds numbers.

Stokes represents the exact solution for Re = 0.
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Figure 7.12: Vortex pair: Average velocity v̄, vortex center velocity vc, and asymptotic

velocity vg for vanishing Reynolds number. Short dash curves and dot dash curves

represent the small time and the long time analytical solutions respectively.



154

Figure 7.13: Vortex pair: Deviation in average velocity v̄ from the inviscid drift

velocity. Short dash curves represent the small time analytical solutions. Stokes

represents the exact solution for Re = 0 and the asymptotic solution for large time

for any Reynolds number.
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Figure 7.14: Vortex pair: Deviation in vortex center velocity vc from the inviscid

drift velocity. Short dash curves represent the small time analytical solutions. Stokes

represents the exact solution for Re = 0 and the asymptotic solution for large time

for any Reynolds number.
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Figure 7.15: Vortex pair: Average velocity v̄ for different Reynolds numbers. Short

dash curves represent the small time analytical solutions. Stokes represents the exact

solution for Re = 0.



157

Figure 7.16: Vortex pair: Vortex center velocity vc for different Reynolds numbers.

Short dash curves represent the small time analytical solutions. Stokes represents the

exact solution for Re = 0.
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Figure 7.17: Vortex pair: Asymptotic velocity vg for different Reynolds numbers.

Short dashed curves represent the small time analytical solutions. Stokes represents

the exact solution for Re = 0.
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Figure 7.18: Vortex pair: Average velocity v̄, vortex center velocity vc and asymptotic

velocity vg for Reynolds number 100.
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(a)

(b)

Figure 7.19: Vorticity for three-dimensional diffusion of a pair of vortex poles: (a)

Along a line through the vortices; (b) Isovorticity contours ω=0.5, 1.0, 1.5, 2.0, &

2.5 in the plane of the vortices. Solid lines are exact and symbols are redistribution

solutions.
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Figure 7.20: Diffusing vortex ring, Re = 0: Vorticity fields at two different times.
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Figure 8.1: Rotating cylinder, Re = 0: Vorticity distribution along a radial line at

times τ = 0.30 & 0.60. Solid line is a finite difference solution. Symbols are vorticity

redistribution solutions.
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Figure 8.2: Oscillating cylinder, Re = 0: Vorticity distribution along a radial line at

different times. Solid lines are finite difference solutions. Dashed lines are redistribu-

tion solutions.

Figure 8.3: Oscillating cylinder, Re = 0: Total circulation during one time period

of oscillation. Solid lines are finite difference solutions. Symbols are redistribution

solutions.
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t = 1.00 t = 1.50

t = 2.00 t = 3.00

t = 4.00 t = 5.00

Figure 8.4: Impulsively translated cylinder, Re = 550: Instantaneous streamlines

from vorticity redistribution (∆t = 0.01; ǫΓ = 10−5); see subsection 8.2.2 for stream-

line values.



165
(a)

(b)

t = 5.00

Figure 8.5: Impulsively translated cylinder, Re = 550: (a) Streamlines from experi-

ment (Bouard & Coutanceau [29], used by permission); (b) Instantaneous streamlines

from vorticity redistribution (∆t = 0.01; ǫΓ = 10−5); see subsection 8.2.2 for stream-

line values.
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t = 1.00 t = 1.50

t = 2.00 t = 3.00

t = 4.00 t = 5.00

Figure 8.6: Impulsively translated cylinder, Re = 3, 000: Instantaneous streamlines

from vorticity redistribution (∆t = 0.01; ǫΓ = 10−5); see subsection 8.2.2 for stream-

line values.
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(a)

(b)

t = 5.00

Figure 8.7: Impulsively translated cylinder,Re = 3, 000: (a) Streamlines from experi-

ment (Bouard & Coutanceau [29], used by permission); (b) Instantaneous streamlines

from vorticity redistribution (∆t = 0.01; ǫΓ = 10−5); see subsection 8.2.2 for stream-

line values.
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(a) (b)

t = 1.50

t = 2.00

Figure 8.8: Impulsively translated cylinder, Re = 9, 500: (a) Streamlines from experi-

ment (Bouard & Coutanceau [29], used by permission); (b) Instantaneous streamlines

from vorticity redistribution (∆t = 0.01; ǫΓ = 10−6); see subsection 8.2.2 for stream-

line values.
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(a) (b)

t = 2.50

t = 3.00

Figure: 8.8 continued.
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Figure 8.9: Impulsively translated cylinder, Re = 550: Radial velocity along the

rear symmetry axis. Solid lines are vorticity redistribution solutions. Symbols are

experimental values of Bouard & Coutanceau [29].
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Figure 8.10: Impulsively translated cylinder, Re = 550: Radial velocity along the

rear symmetry axis. Solid lines are vorticity redistribution solutions. Symbols are

solutions computed by Pépin [170], and Loc [133].
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Figure 8.11: Impulsively translated cylinder, Re = 3, 000: Radial velocity along the

rear symmetry axis. Solid lines are vorticity redistribution solutions. Symbols are

experimental values of Loc & Bouard [134].
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Figure 8.12: Impulsively translated cylinder, Re = 3, 000: Radial velocity along the

rear symmetry axis. Solid lines are vorticity redistribution solutions. Symbols are

solutions computed by Hakizumwami [105], Chang & Chern [40], Pépin [170], Cheer

[42], Smith & Stansby [215], and Loc & Bouard [134].
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Figure 8.13: Impulsively translated cylinder, Re = 9, 500: Tangential velocity profiles

at time t = 0.50 at various angular distances from the front symmetry line. Dotted

lines are standard boundary layer theory. Solid lines are second-order boundary layer

theory. Symbols are vorticity redistribution solutions (∆t = 0.01; ǫΓ = 10−6).
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Figure 8.14: Impulsively translated cylinder, Re = 9, 500: Radial velocity along the

rear symmetry axis. Solid lines are vorticity redistribution solutions. Symbols are

experimental values of Loc & Bouard [134].



176

1 2
-0.5

0.0

0.5

1.0

u

x

Anderson & Reider (1996)

t = 0.5, 1.0, 1.5, 

2.0, 2.5, & 3.0.

1 2
-0.5

0.0

0.5

1.0

u

x

Kruse & Fischer (1996)

t = 0.5, 1.0, 1.5, 

2.0, 2.5, & 3.0.

1 2
-0.5

0.0

0.5

1.0

u

x

Hakizumwami (1994)

t = 1, 2, & 3.

1 2
-0.5

0.0

0.5

1.0

u

x

Wu, Wu, Ma & Wu (1994)

t = 0.5, 1.0, 1.5, 

2.0, 2.5, & 3.0.

Figure 8.15: Impulsively translated cylinder, Re = 9, 500, part 1: Radial veloc-

ity along the rear symmetry axis. Solid lines are vorticity redistribution solutions.

Symbols are solution computed by Anderson & Reider [3], Kruse & Fischer [120],

Hakizumwami [105], and Wu, Wu, Ma & Wu [249].
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Figure 8.15: Impulsively translated cylinder, Re = 9, 500, part 2: Radial velocity

along the rear symmetry axis. Solid lines are vorticity redistribution solutions. Sym-

bols are solution computed by Chang & Chern [40], Pépin [170], Cheer [42], and Loc

& Bouard [134].
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Figure 8.16: Impulsively translated cylinder, Re = 550: Vorticity fields at different

times for ∆t = 0.01 and ǫΓ = 10−5.



179

Figure 8.17: Impulsively translated cylinder, Re = 3, 000: Vorticity fields at different

times for ∆t = 0.01 and ǫΓ = 10−5.
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(a) (b)

Figure 8.18: Impulsively translated cylinder, Re = 3, 000: Vorticity fields. (a) Exper-

imental data from Shih, Lourenco & Ding [212]; (b) Vorticity redistribution method

(∆t = 0.01; ǫΓ = 10−5).
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Figure 8.19: Impulsively translated cylinder, Re = 9, 500: Vorticity fields at different

times for ∆t = 0.01 and ǫΓ = 10−6.
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Figure 8.19 continued.
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(a) (b)

Figure 8.20: Impulsively translated cylinder, Re = 9, 500: Vorticity fields. (a) Spec-

tral element method (preliminary data of Kruse & Fischer [120], used by kind per-

mission); (b) Vorticity redistribution method (∆t = 0.01; ǫΓ = 10−6).
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(a) (b)

Figure 8.21: Impulsively translated cylinder, Re = 9, 500: Vorticity fields. (a) Particle

strength exchange method (Koumoutsakos & Leonard [117], used by permission); (b)

Vorticity redistribution method (∆t = 0.01; ǫΓ = 10−6).
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t = 2.00 t = 2.00

t = 1.50 t = 1.50

(a) (b)

Figure 8.22: Impulsively translated cylinder, Re = 10, 000: Vorticity fields obtained

from random walk computations (Unpublished data of Van Dommelen, used by per-

mission); (a) and (b) refer to two different runs of the computation.
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Figure 8.22 continued.
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(a) (b)

Figure 8.23: Impulsively translated cylinder, Re = 20, 000: Vorticity fields at different

times for ∆t = 0.01 and ǫΓ = 5 × 10−7.
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Figure 8.24: Impulsively translated cylinder: Drag coefficient at small times for vari-

ous Reynolds numbers. Long dashed lines are standard boundary layer theory. Solid

lines are second-order boundary layer theory. Dot-dashed lines are the small time

expansion of Collins & Dennis [60]. Symbols are vorticity redistribution solutions

(∆t = 0.01; ǫΓ = 10−5 for Re = 550, 1000, & 3,000; ǫΓ = 10−6 for Re = 9,500;

ǫΓ = 5 × 10−7 for Re = 20,000; and ǫΓ = 10−7 for Re = 40,000).
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Figure 8.25: Impulsively translated cylinder, Re = 550: Drag coefficient. Solid line is

our vorticity redistribution solution. Symbols are solutions computed by Koumout-

sakos & Leonard [117], Chang & Chern [40], Pépin [170], Van Dommelen [237], and

Loc [133].
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Figure 8.26: Impulsively translated cylinder, Re = 550: Drag and lift coefficients.

Solid lines are vorticity redistribution solutions (∆t = 0.01; ǫΓ = 10−6). The short

and long dashed lined are random walk results of Van Dommelen [237] at ∆t = 0.0125

and ∆t = 0.025 respectively.
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Figure 8.27: Impulsively translated cylinder, Re = 3, 000: Drag coefficient. Solid line

is our vorticity redistribution solution. Symbols are solutions computed by Anderson

& Reider [3], Koumoutsakos & Leonard [117], Chang & Chern [40], and Pépin [170].
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Figure 8.28: Impulsively translated cylinder, Re = 9, 500, part 1: Drag coefficient.

Solid line is our vorticity redistribution solution. Symbols are solutions computed by

Anderson & Reider [3], Kruse & Fischer [120], Koumoutsakos & Leonard [117], and

Wu, Wu, Ma & Wu [249].
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Figure 8.28: Impulsively translated cylinder, Re = 9, 500, part 2: Drag coefficient.

Solid line is our vorticity redistribution solution. Symbols are solutions computed by

Chang & Chern [40], Pépin [170], and Van Dommelen (unpublished).
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Figure 8.29: Impulsively translated cylinder, Re = 9, 500: Drag coefficient. Long

dashed line is ∆t = 0.04. Short dashed line is ∆t = 0.02. Solid line is ∆t = 0.01. For

all three cases ǫΓ = 10−6.
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Figure 8.30: Impulsively translated cylinder, Re = 20, 000: Drag coefficient. Long

dashed line is ∆t = 0.04. Short dashed line is ∆t = 0.02. Solid line is ∆t = 0.01. For

all three cases ǫΓ = 5 × 10−7.
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Figure 8.31: Impulsively translated cylinder, Re = 9, 500: Radial velocity along

the rear symmetry line at time t = 0.50. Dashed line is standard boundary layer

theory. Solid line is second-order boundary layer theory. Solid symbols are vorticity

redistribution solutions for ∆t = 0.01 and ǫΓ = 10−6. Open symbols are vorticity

redistribution solutions for ∆t = 0.01 and ǫΓ = 10−5. Dash-dot line is the irrotational

flow solution.
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Figure 8.32: Impulsively translated cylinder, Re = 9, 500: Radial velocity along the

rear symmetry axis. Short dashed lines are computed velocity using ∆t = 0.01 and

ǫΓ = 10−5. Solid lines are computed velocity using ∆t = 0.01 and ǫΓ = 10−6.
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(a) (b)

Figure 8.33: Impulsively translated cylinder, Re = 9, 500: Vorticity fields at time

t = 2.50 for ∆t = 0.04, 0.02, & 0.01. (a) ǫΓ = 10−5; (b) ǫΓ = 10−6.
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(a) (b)

Figure 8.34: Impulsively translated cylinder, Re = 9, 500: Vorticity fields at time

t = 3.00 for ∆t = 0.04, 0.02, & 0.01. (a) ǫΓ = 10−5; (b) ǫΓ = 10−6.
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Figure 8.35: Impulsively translated cylinder, Re = 9, 500: Vorticity fields obtained

in particle strength exchange computation (preliminary data of Shiels [208], used by

kind permission); ∆t = 0.005, cut-off vorticity = 10−4 and Gaussian kernel size = 1.1

times the average particle spacing.
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Figure 8.36: Impulsively translated cylinder, Re = 9, 500: Drag. (a) Solid line is

∆t = 0.01 and ǫΓ = 10−6. Short dashed line is ∆t = 0.01 and ǫΓ = 10−5. (b) Solid

line is ∆t = 0.01 and ǫΓ = 10−6. Dot-dashed line is ∆t = 0.02 and ǫΓ = 10−5. Long

dashed line is ∆t = 0.04 and ǫΓ = 10−5.
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(a)

(b)

(c)

Figure 8.37: Impulsively translated cylinder: (a) Local vorticity contours obtained

from the Van Dommelen & Shen singularity [241]; (b) and (c) local vorticity fields at

t = 1.50 for Re = 9, 500 and Re = 20, 000 obtained from the vorticity redistribution

method.
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Figure 8.38: Vortex-pair/cylinder interaction, Re = 500: Vorticity fields at different

times for ∆t = 0.02 and ǫΓ = 10−5.
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Figure 8.38 continued.
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Figure 8.39: Vortex-pair/cylinder interaction, Re = 500: Path of the vortex ap-

proaching the cylinder. Symbols indicate vortex positions at various times.
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Figure 8.40: Vortex-pair/cylinder interaction, Re = 500: Circulation in a half plane.

Solid line is the total circulation of the same sign as the primary vortex; dashed line

is for opposite sign.
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Figure 8.41: Vortex-pair/cylinder interaction, Re = 500: Computational vortices at

time t = 0.00 and t = 7.00.



APPENDIX A

DETAILED DERIVATIONS

This appendix gives some derivations mentioned earlier in the various chapters.

First is the derivation of the redistribution equations (4.8) and following. We write

the difference between the Fourier transform of the redistributed vorticity (4.5) and

the exactly diffused vorticity (4.6) in terms of the viscous scale hv =
√
ν∆t and the

scaled relative positions (4.7):

ω̂n+1 − ω̂n+1
e = φ̂(kδ)

∑

i

Γn
i e

−i~k·~xi




∑

j

fn
ije

−ihv
~k·~ξij − e−h2

vk2



 . (A.1)

In the redistribution method, this error is made small of order O(hvk)
M+2, or

O(∆t)(M+2)/2 for any finite wavenumber k, by equating the Taylor series expansions of

the two terms within the parentheses to that order. This produces, for anym ≤M+1,

∑

j

fn
ij (k1ξ1ij + k2ξ2ij)

m = 0 (m odd) ,

=
m!

(1
2
m)!

(k2
1 + k2

2)
1

2
m (m even) . (A.2)

Expanding using the binomial theorem, the individual equations become, for m1 +

m2 ≤M + 1,

∑

j

fn
ijξ

m1

1ij ξ
m2

2ij = 0 (m1 or m2 odd) ,

=
m1!m2!

(1
2
m1)!(

1
2
m2)!

(m1 and m2 even) . (A.3)

These are the redistribution equations written out in (4.8) and following.

The remaining error in the Fourier transform, needed in chapter 5, is according

to the Taylor series remainder theorem

ω̂n+1 − ω̂n+1
e = φ̂(kδ)

∑

i

Γn
i e

−i~k·~xi ×
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{
(khvR)M+2

(M + 2)!

∑

j

fn
ij(cosαij~k + i cos βij~k)




~k · ~ξij
kR




M+2

−

(−k2h2
v)

1

2
Me+1

(1
2
Me + 1)!

e−γ2

k

}

, (A.4)

where the values of αij~k, βij~k and γk represent the undetermined midpoints in the

remainder theorem, and Me is the even integer M or M + 1.

To find the lower bound to the redistribution radius mentioned in section 6.2.3,

we integrate (A.2) over the unit circle to produce

∑

j

fn
ijξ

m
ij = 2m(1

2
m)! (m ≤M + 1 and m even) . (A.5)

Hence, in terms of the even integer Me = M or M + 1,

max
j
ξ2
ij ≥

∑

j

fn
ijξ

Me

ij

/∑

j

fn
ijξ

Me−2
ij = 2Me , (A.6)

which implies the lower bound for the redistribution radius.

Up to fourth-order accuracy, this estimate for the minimum radius is precise. It

may be verified by direct substitution into the redistribution equations that a positive

second-order solution is obtained by spreading the fractions evenly over the circle with

scaled radius R = 2. Similarly, a positive fourth-order solution is obtained by giving

the vortex being redistributed a fraction 0.5 and spreading the other half evenly over

the circle R =
√

8.

Next we verify an assertion made in section 6.2.3: as long as all vortices are

redistributed, the region containing the vortices must expand a finite scaled amount

in each direction. To do so, we derive a lower bound ξ1max to maxj(ξ1ij) using the

cases m2 = 0 and m1 = 0, 1, and 2 of (A.3):

8 =
∑

j

fn
ij(|ξ1ij| + ξ1ij)

2 +
∑

j

fn
ij(|ξ1ij| − ξ1ij)

2

≤ 4ξ2
1max +

∑

j

fn
ij(|ξ1ij| − ξ1ij)2R
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= 4ξ2
1max +

∑

j

fn
ij(|ξ1ij| + ξ1ij)2R

≤ 4ξ2
1max + 4ξ1maxR . (A.7)

The solution of the quadratic shows that

ξ1max ≥ 4/(R +
√
R2 + 8) . (A.8)

Applied to the vortex at the largest value of x, this value describes how much the

vortex distribution needs to expand in the x-direction in order for the redistribution

equations to be solvable at that vortex. Since the redistribution problem is inde-

pendent of the angular position of the coordinate system, this minimum expansion

applies in any direction.

Next we verify an assertion made in section 6.2.3 and subsection 9.5: for third-

order accuracy or higher, the scaled spacing between the vortices cannot be arbitrarily

large. Defining ξmin = minj 6=i{ξij} and using (A.5) for m = 4 and m = 2, it is seen

that

32 =
∑

j

fn
ijξ

4
ij ≥

∑

j

fn
ijξ

2
ijξ

2
min = 4ξ2

min . (A.9)

Hence the vortices cannot be spaced further apart than a scaled distance
√

8.

Finally we verify an assertion made in section 6.2.3: there are finite values R and

d so that a positive solution to the redistribution equations exists within the circle

with scaled radius R provided that there are no square holes exceeding a scaled size

d in the distribution of the vortices. To do so, we first note that the diffusing delta

function

f(ξ1i, ξ2i) =
1

4π
e−(ξ2

1i
+ξ2

2i
)/4 (A.10)

gives an exact continuous solution to our redistribution equations, replacing
∑

j by
∫ ∫

dξ1idξ2i. We now discretize this continuous solution using a cut-off at radius R

and a subdivision of the remaining domain into squares of size d. We then select one
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vortex in each square and give it fraction

fn
ij = d2f(ξ1ij, ξ2ij) + d2

∑

m,n

cmnpm(ξ1ij)pn(ξ2ij) , (A.11)

where the pn(ξ) are for |ξ| ≤ 1 polynomials of degree M + 1 satisfying

∫ 1

−1
pn(ξ)ξmdξ = δmn (m = 0, . . . ,M + 1) (A.12)

and zero elsewhere. In the above expression for fn
ij, the first term provides a positive

approximate solution to the redistribution equations, since the sums over j become

straightforward numerical approximations to the corresponding integrals of the con-

tinuous function f . The second term gives corrections that make this approximation

exact for suitable values of the constants cmn. When R is large enough and d is small

enough, these corrections do not change the positivity of the first term. This can

be seen as follows: since the polynomials are bounded, there is a finite maximum

value for the constants |cmn| below which the correction terms cannot change the sign

of the first term to fn
ij. Further, since the redistribution equations give a system of

equations for the cmn that tends to a unit matrix, there is a value of d below which

the maximum |cmn| can be bounded by a multiple of the maximum error due to the

first term in (A.11). That error can be reduced to any finite amount by selecting

a large enough R and a small enough d to make the numerical integrals sufficiently

accurate. Hence the required positive total solution (A.11) can always be assured for

some finite R and d.

At least for the case of first-order accuracy, M = 1, for any R greater than the

minimum value R = 2, a finite hole size d exists that ensures a positive solution. This

can be seen by selecting nine vortices to satisfy the redistribution equations. Eight of

these are chosen as closely as possible to eight equally spaced points on the outside

circle and given a nominal fraction fn
ij = 1/2R2, and the last point is chosen to be the

vortex being redistributed, and given a nominal weight 1 − 4/R2. This satisfies the
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redistribution equations approximately, and it is readily seen that for these nominal

positions, the needed corrections in the weights to make the approximation exact can

be bounded by the errors. Thus, similar as in the derivation above, the corrections do

not change the sign of the weights when d is small enough. The actual value of d is

unknown, but clearly d must tend to zero when R → 2; the allowed hole size must be

small enough to ensure that there are vortices outside the circle R = 2 within which

no solution exists.
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